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ABSTRACT. We consider the problem of finding all the “embeddings” of a discrete
series representation in the principal series in the case of a simple real Lie group G
of real rank one. More precisely, we solve the problem when G is Spin(2n, 1),
SU(n, 1), Sp(n, 1) or Fy(n > 2).

The problem is reduced to considering only discrete series representations with
trivial infinitesimal character, by means of tensoring with finite dimensional
representations.

Various other techniques are employed.

1. Introduction. Let G be a connected semisimple Lie group, with finite center. In
two basic papers ([3], [4]), Harish-Chandra gave an explicit parametrization of the
discrete series representations for such a group G and a way, in principle, for
computing the characters. In his work there is little, if any, indication of how the
discrete series can be realized: W. Schmid (Ph.D thesis, University of California,
Proc. Nat. Acad. Sci. U.S.A. 59 (1968), 56—59) proved, under suitable conditions,
an explicit formula for the restriction of a discrete series of G to a maximal
compact subgroup K (Blattner’s conjecture). In a subsequent paper with H. Hecht
[6], he proved Blattner’s conjecture under the further assumption that G is a linear
group. He also fully characterized discrete series representations by their restriction
to K (minimal K-type theorem). The minimal K-type theorem was proved almost
simultaneously by N. Wallach using the theory of Enright-Varadarajan modules
(19}, (15D).

In this paper we use the existence of minimal K-types to find all the possible
embeddings of a discrete series representation in a nonunitary principal series, if G
is Spin(2n, 1) (n > 2), SU(n, 1) (n > 2), Sp(n, 1) (n > 2), or the connected Lie
group F, with Lie algebra f, _ 5,

Using G. Zuckerman’s idea of tensoring with finite dimensional representations
[22], the problem is first reduced to the study of the discrete series with trivial
infinitesimal character. We also remark that if a discrete series is realized by a
principal series, then the “M-type” of the principal series has to be in the minimal
K-type of the discrete series.
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With this in mind, we compute the M-type of the minimal K-type, using the
branching theorems from K to M, set up by the author in [1]. The results obtained
in this direction together with some special results concerning F,, make it possible
to prove

THEOREM 17.9. A4 discrete series representation is realized in a nonunitary principal
series with multiplicity at most one.

This, together with a formula ([14], [21]) which relates the character of a discrete
series to the character of a principal series, is used to prove that the number of
occurrences of a discrete series as a subquotient, but not as a quotient, is odd. We
solve completely the problem for the class of groups considered. In the case of
Sp(n, 1) (resp. F,), relative to a particular discrete series, we also use a result of [8]
(resp. [25]), together with K-type considerations. The results for Spin(n, 1) and
SU(n, 1) were already known (see for example [24], [26)).

Finally, we would like to point out that the main results of this paper can be
found in the tables in §18. To obtain them, we also use explicit realizations of the
discrete series by A. Knapp and N. Wallach [10].

Much of this paper was contained in the author’s doctoral thesis [1}. The author
wishes to thank her thesis advisor, Professor Nolan R. Wallach for his continuous
encouragement and help.

2. Preliminaries. The following notations will be in force throughout the paper.
We let G be a connected semisimple Lie group with finite center, and fix a Cartan
decomposition g = f @ p of the Lie algebra.

Let G be a connected, simply connected complex Lie group with Lie algebra g.
We assume that G is the real analytic subgroup of G corresponding to g and that
rank g = rank f.

Let t C £ be a compact Cartan subalgebra for g. Let A be the set of roots of
(0cs te) and let A, and A, be the sets of compact and noncompact roots, respec-
tively. The Weyl groups of A and A, are W and Wy.

If P is a system of positive roots for A, we let P, and P, be the obvious sets of
positive roots. In terms of P we define

/=3 3 a 8=

a€EP,

% > a and 8, =8 + &F.

ax € P,

Let K and T be the analytic subgroups corresponding to f and t.

We need also to introduce notation for an Iwasawa Cartan.

Let a be a maximal abelian subalgebra of p. Form A, the set of restricted roots of
(g, a). Let m be the centralizer of a in f. Let b~ C t be a Cartan subalgebra of m
and h = )~ @D a. Then b is a Cartan subalgebra of g.

Let @ denote the root system of (g¢, be) and ®,, C @ be the root system of
(mc’ bC_ )

Let ®* be a positive root for ® obtained by requiring that a comes before §~.
Form A* the corresponding restricted positive root and let ® = ®, N ®*. Let n
be the sum of the positive restricted root spaces. Then g=f@ a®n is an
Iwasawa decomposition of g.
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Later we shall use the notation 4 and N for the analytic subgroups with Lie
algebras a and n, M for the centralizer of a in K, and p for half the sum of the
positive restricted roots, counted with multiplicities. We also set §,, = %Eaeq,; a.
Let (, ) denote the dual of the Killing form B of g restricted to § or t.

3. Harish-Chandra homomorphism. If § is a Cartan subalgebra of g, let U(g) and
U(h) denote the universal enveloping algebra of §c and f)c respectively. Let 3 be the
center of U(g). Then there exists a homomorphism y; of 3 onto (U(f)))W, the Weyl
group invariants of U(). y; is called the Harish-Chandra homomorphism. If
AE f)c, we denote by x,: 3 — C the homomorphism defined by x,(Z) = A(y4(Z)).
X is the infinitesimal character of the Verma module of highest weight A — &g+,
where 8g+ =32,y a relative to some choice, ¥*, of positive roots for the root ¥
of (gC’ bC)

We recall the following properties:

(1) xp = X, © A = op, o in the Weyl group of \I'.~

(2) If ¥ is another Cartan of g and Ad(x): hc— b for some x € G, then
Yy = Ad(x)v;. ;

(3) If x: 3 > C is a homomorphism, then there exist A € b such that x = x,.

4. Discrete series and principal series. Let M be the set of all equivalences classes
of irreducible finite dimensional representations of M.

If £ € M we fix an element (¢, H) of £ For £ € M and » € af we define the
principal series (7, ,, H &) as follows:

(1) H®” is the space of all measurable functions, f: G — H¢ so that:

() f(gman) = e~ ¢*P2ag(m)~f(g) (1g: A — a is the inverse to exp: a — A).
(i) J x| SN dk < co.

@) (7, (RN(x) = fig~'x) for x, g € G.

Let ©,, be the character of (w,,, H &). Let A, be the highest weight of £ relative
to ®. For example, according to [5, p. 87], the infinitesimal character of the
nonunitary principal series 7, is x¢,), Where A(§, ») € (b~ @ a)¢ is defined by
A v)=A, + 8, + .

Denote by L, the integral forms on t.. The elements of L, are precisely those
that lift to a character of 7. We say that A € bh* is regular if (A, @) # 0 for a € A.
Corresponding to each regular A € L,, Harish-Chandra has constructed certain
invariant eigendistributions ®, on G [3]. Two of these coincide precisely when their
parameters A are related by an element of the Weyl group of K. Each O, is the
character of a discrete series representation and conversely [4].

We denote by (7,, H*) the discrete series with character ©,. The infinitesimal
character of 7, is x,.

5. Minimal K-type theorem. Let (7, H) be a representation of G on the Hilbert
space (H, {, >). We say that (7, H) is K-finite if

(1) (7x, K) is unitary,

) a K-represAentation H =3 .z H, (unitary direct sum) where H, = m V.
(7, V,) €y € Kand m, < 0.

Y Y
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Let H. denote the set of the K-finite vectors and let (7, Hz) be the corre-
sponding g module.

If a discrete series representation is infinitesimally equivalent to an irreducible
component of a (nonunitary) principal series we say, simply, that it is an irreduc-
ible component.

Let A € L, be regular and let (r,, ¥'*) be a K-type of 7.

The following result is an immediate consequence of the Frobenius reciprocity
theorem.

THEOREM 5.1. If m, is an irreducible component of (m;,, H &), then & is an M-type
of T,

PrOOF. By assumption, there exist V, C V), closed, 7, invariant subspace of
H*", such that (m¢,» (V1/ V) is algebraically equivalent to (7,, H, ).

By the compactness of K, we have that (7, ,, V,/V)) is equivalent as a K-repre-
sentation to (mg, , W) where W is a closed invariant subspace of H v,/ V,is
infinitesimally equivalent to H %, forcing W to be infinitesimally equivalent to H
as a K-module. Hence 7, is a K-type of W.

Since 7, ,, as a K-representation, is equivalent to the unitarily induced represen-
tation from £ to K, the theorem follows from the Frobenius reciprocity theorem.

6. Conjugate dual representation.

LEMMA 6.1. There is a nondegenerate (continuous) sesquilinear pairing ( , ) between
H* and H*~" for each £ € M and v € af, so that if f, € H*" and f, € H*~” then

('”e,v( )i We,—;(g)fz) = (fi, f2) (g € G).

PrOOF. See e.g. [18, Lemma 3.1].

DEFINITION 6.2. Let (7, H) be a representation of G on a Hilbert space H. We
denote by H* = {f: H — C, f continuous and linear, such that flax) = af(x), for
a € C and x € H}. The conjugate dual representation (7*, H*) of (w, H) is
defined by

7*(gh=Aon(g”!) forA€ H*andg €G.

LEMMA 6.3. Let w be a K-finite representation on (H, ( , )). Assume that = is
unitarizable, i.e., there exist { , > an inner product on Hg, so that {(m(X)v, w) =
— Lo, #(X)w), for X € g and v, w € Hy, and that (w, Hy) is irreducible. Then ©* is
infinitesimally equivalent to .

Proor. If f € (H*),, then there exist S C K so that fo Eg=f (Eg is the
projection of H, determined by S).

Let ¥V be the completion of H relative to { , ). Then, since EgV C H; and
dim E¢V < oo, we see that f extends to a continuous antilinear functional on V.
Let A(f) € V be defined by f(v) = (v, A(f))>. Now A(f) L(EgV)* (L is relative
to {(, ), thus A(f) € EgV C Hy. We therefore have A: (H*)r — H, a linear
operator. Also if A(f) = 0, then f = 0. Now

(o, AT*(X)f ) = (7*(X))o = —fr(X)o = = {w(X)o, Af > = (o, 7(X)AS .
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Thus A7*(X)f = 7(X)ASf.

Hence A: (7*, (H*)g) — (w, H) is an injective intertwining operator. Since
(7, Hg) is irreducible, A is also surjective.

Let A € L, be regular and let £ € )\2, v € ag.

THEOREM 6.4. 7, is an irreducible component of ., iff m, is an irreducible
component of m; _;. More precisely:
(1) m is a subspace (quotient) of m,, iff m, is a quotient (subspace) of m, _;.

PROOF. Let (, ) be the sesquilinear form of Lemma 6.1. Let A: H*~% — (H®")*
be defined by

fim (o fy) forf, € HY P,
Then (47, _()f)f, = (n2,(8)Af)f, forg € G, f, € H* and f, € H*™".

Since A4 is a continuous bijection of H*~? onto H*”, then 7 _; is G-equivalent
to 7,

If V. c H* is a closed invariant subspace, define ¥+ = {x € H*~? such that
(v, x) =0 forall v € V). Then V' is a closed invariant subspace of H%~?, Now
let V, c ¥, c H*" be closed and invariant subspaces.

Assume that ¥,/ V¥, is infinitesimally equivalent to H*. Define ¢: V,/V, X
Vi /Vi- > C by ¢, w) = (v,w), where 5 € V,/V, and wE€ V;*/V . It is
immediate to check that ¢ is indeed well defined and it is a nondegenerate
continuous (relative to the obvious topology) sesquilinear form. Moreover
#(7e,(8)5, 7, _(8)%) = (T, ). Hence

(W?,w v/ Vz)*) Geqtgalem(ﬂe’_;, VzJ'/ Vll)° ()
Since H/ is equivalent to (V,/ V,)r, Lemma 6.3 says that (V,/ V) is equivalent to
(V,/ V. Now apply (i) to get that =, is infinitesimally equivalent to a subquo-
tient of 7, _;. By duality the first assertion of the theorem is proved and (1) follows
immediately. We need the following results due to Langlands [12]. If A € A" let
h, € a be defined by B(H, h,) = A(H) for H € a. We write Rer > 0 (< 0) if
(Rerv,\) =Rer,h)>0(<0)forA € A*.

THEOREM 6.5. Let £ € M and v € af such that Re v > 0. Then (mg,, HE") has a
unique irreducible quotient, which is not a discrete series.

COROLLARY 6.6. If v € a¢ and Re v < O, then (7,,, H ") has a unique irreducible
subspace, which is not a discrete series.

7. A necessary condition for the infinitesimal character. We now make the further
assumption that dim a = 1. For the moment we fix P, a positive root system for the
roots A of (gc, to)- Let 8 = 8, and let w; be the corresponding discrete series. Let
®*, @} be as in §2 and let a be the unique real positive root determined by ®*.

LeEMMA 7.1. If m, is an irreducible component of m;, then v € a* and v # 0. More
precisely, if my is a subspace of m ,, then:

(1) A, ») = 8, where Q is positive for ® and contains @, and «; in particular
v(h) > 0.
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PrOOF. If 75 is an irreducible component of 7 ,, then x,¢ ,, = Xs,.- Hence
A v) = Ay + 68, + v = 0(8p+) for some 6 € W(P). But 6(84+)(h,) = »(h,) and
hence » is real and different from zero, as asserted.

To prove (1) just observe that, by Langlands’ theorem (6.5), if v(h,) < O, then 7,
has a unique irreducible subspace, which is not a discrete series. Hence, (0d4+, a)
= »(h,) > Oand if B € ®,, then (684-+, B) = (A, + §,, B) > 0. Therefore 684+ =
8y, with Q as in the statement of the lemma.

REMARK 7.2. In view of the previous results (duality Theorem 6.4 and Lemma
7.1) one can obtain all the embeddings of a discrete series with trivial infinitesimal
character in the nonunitary principal series, just knowing all the realizations of
such discrete series in principal series 7., with » > 0.

8. Tensoring with finite dimensional representations. The main results of this
section, Theorem 8.5, use Zuckerman’s technique of tensoring with finite dimen-
sional representation to show that one can obtain all the embeddings of the discrete
series just knowing the embeddings of the discrete series with trivial infinitesimal
character. We follow [23] in the terminology “chain” and “composition series”. We
retain the notation of §2, we do not need dim a = 1. We fix for the rest of the
section A € L, regular and P = {a € A: (A, @) > 0}. We denote as usual by
(w5, H™) the discrete series representation associated to A, and by x, its infinitesi-
mal character. Let p € t§ be dominant integral relative to P, then A + p corre-
sponds to the discrete series representation (7, ,, H Atwy,

The following lemma is due to [22].

LeEmMA 8.1. (a) Let (w, F) be the irreducible finite dimensional representation of G
of lowest weight — p, then (HA** @ F), is equivalent to H{, where (H** ® F),
is the image of the projection of H*** ® F according to its infinitesimal character
XA

(b) Assume that A — p is regular and P dominant integral. Let (w, F) be the
irreducible finite dimensional representation of G of highest weight p. Then
(HA *"®F )x, s equivalent to H, A (HA* discrete series).

We will make repeated use of the following lemma.

LEMMA 8.2. Let W be a g-module such that dim 3 - w < oo for eachw € W.

Let W= W,D - D W,,, ={0)} be a chain such that W,/ W, | has infinitesi-
mal character x;. Let x = x; and assume x # x; for i #j. Let (W), = {v € W
there exists k > 0, k € Z, so that (Z — x(Z)Y'v = 0 for Z € 3}. Then (W), ~
W,/ W,,, as g-module.

PROOF. Let P, : W, — (W)), be the natural projection (W = X, .. (W),).

()P W,=0forj > ..

Since W, has infinitesimal character x,, then P (W,) = 0. Assume P, (W)
=.-. = P(W)=0andprove that P (W,_)) =0ifk — 1 >.i.

Let 0 #*w € W, and denote by w the class of w in W, _,/ W,. Assume P, (w) #
0. Then w+# 0. Let kK € Z, be minimal such that (Z — x(Z))w = 0 and set
w, = (Z — x(Z))* "' (Z € 3). Then w, # 0 by the minimality of k.
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Letv = (Z — x4 - (Z))w,, thus v € W, and

2 (Z — x(Z))o = 0.

If v =0, then (Z — x,_ (Z))w, = (Z — x(Z))w,. Since w, # 0, this last equality
would imply x = x,_,- Thus v #+ 0 and by the induction hypothesis P (v) =0
which contradicts (2). Therefore (1) is true.

@)V P (W)= =P (W)

We have the exact sequence of g-modules: 0 > W, > W,_, > W,_,/ W, —>0and
hence 0— (W), > (W,_), > (W,_,/ W), —0 is exact. But (W,_,/W), =0
since W,_,/ W, has infinitesimal character x;_, # x. (3) follows by induction.

Using (1) and (3) we have

PX
VV,.—>(W1)X——->O
and ker P, O W,,,. We only need to prove that W,,, D ker P,. On the other
hand, W, = (W), @ zj;éi(VVi)x,. and W, = Ej;&i(VVi+l)xj'
0= (W), = (W) > (Wi/ Wi 1) —0

is exact and (W,/ Wiy = 0 forj #i; hence (Wi“)xi = (W), Now let v € W,
so that Px(v) = 0; thenv € 2, W,-),g_ = W,,,. The proof is now complete.

Let£ € M and (¢, H*) € £ If v € af let (§ ® », H®) be the MAN representation
defined by ¢ ® »(man)(v) = e®*?'%¢(m)v, for man € MAN, and v € H¥. Let
(m, F) be a finite dimensional representation of G and let A, be the highest weight
of £ relative to @

LeEMMA 8.3. H* ® F has a composition series given by H* ® F= F| D - - - D F,
D {0). F,/F,,, is the irreducible MAN module & ® v, where §; @ v; has a highest
weight A, + v + p + (weight of F), relative to ®,,.

PROOF. Let n* = T _ g+ 8, 8, the root space. Thenn* N g=n. Letp,, ..., p,
be the weights of F in increasing order and repeated according to their multiplici-
ties. Let f,, ..., f; be the corresponding eigenvectors and v, the highest weight
vector for A,. Set u, = v, ® fand F, =3, UD)y,j=1,...,dandb=m®Da
@D n.

We have v, ® f; € F, Vi, and (U,(b)v)) ® f; € F; by induction on n
({ U,(0)} .50 canonical filtration of U(b)); hence H® ® F = F,. By the choice of
O+, £® v ® n(n)F, C F,,,, thus {F,}9_, are n modules. Also, root vectors corre-
sponding to ®; carry F, into F,,, and hence { F,}¢_, are b modules. It is now clear
that if F,/F,,, # 0, then MAN acts irreducibly on F,/F;,, in the way described.

LEMMA 8.4. Let £ ® v be an irreducible finite dimensional representation of MAN
on H® and let (w, F) be a finite dimensional representation of G. If £ ® v ® T\MAN
has a composition series H* ® F = F, D> - - - D F, D 0 with irreducible quotients
& ® v, F,/F,,,) then w,, ® m has a corresponding chain, where the respective
quotients are infinitesimally equivalent to m;, (1 <i <k).

PrOOF. See [10, Proposition 10.6].
We now go back to the situation dim a = 1.
Let ®* be defined as in §2 and let a be the real positive root determined by ®*.
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Let Ad(x): tc — b for x € Ge.
Let £ € M and & HHY et Letv € ad.

THEOREM 8.5. (a) Let p = A — bp and F_, be the irreducible G module of lowest
weight —p. If m, is an irreducible component of m,, then ms is an irreducible
component of w;_ g P — fie? where — i is the lowest weight of F _u relative to a
particular Weyl chamber.

(b) Let y = A — 8p and F, be the irreducible G module of highest weight y. If Ts,
is an irreducible component of m.,, then m, is an irreducible component of
LTS where ¥ is the highest weight of F,, relative to a particular Weyl
chamber.

PrROOF. We first prove (a). Let ¥, ¥, ¢ H*" be closed invariant subspaces so
that V,/V, is infinitesimally equivalent to H*. Lemma 8.1 says that
(HA® F_ u)xA_,. is g-equivalent to H%. On the line of Lemma 7.1, it is very easy to
see that » is real and different from zero. Thus by the duality theorem we may
assume that »(h,) > 0. By assumption x, ,, = X,, hence

A v)=A; +v+8,=0(A>Ad(x)"") forsomeo € W(®). 1)

Let P, = 0 © P Ad(x)™', then the regularity of A says that A(§, ») is dominant
and regular relative to P,.

Letfi =0 o p o Ad(x)" ', then — fi is the lowest weight of F_ u relative to P,.

(2) A, v) — ji is dominant integral and regular relative to P,.
Indeed, A(§, v) — fi = o(A — p) o Ad(x) ' = dp,

XAa—p = XAy —a (3)
Indeed

Xa-(Z) = (A = p)(12)) = (A — WA(x)"'(7(2))

= o(A — p) ° Ad(x)"'(14(2)) = (A5 ) = D(V(Z)) = xae i
4 HY ® F_ . has a chain by quotients infinitesimally equivalent to
Tt ply-w+uly WHETE g = — fi, py, . . ., py are weights of F_, on be.
Since gy 1 _ 44, 18 in the chain for H Q@ F_ x (@pply (2) and Lemma 8.4), we
get the result combining Lemmas 8.3 and 8.4.

(Hf” ® F = (Hf” ® F)xA(e,»)—ﬁ o HE R =i, &)

_"')XA-,‘
If we prove that X ,y+, = Xagsy+u, i § = 0, then the multiplicity of p, being
one, together with Lemma 8.2, will give (5).

XAE v+ = XAG »)+po iff:

1) s(AE v) + p) = A€, v) + p, for some s € W(P). But A, ») + o is P,
dominant integral by (2), thus s(A(, ») + py) = A ») + py — Zq;a;, a; > 0 and
a; € P,. (i) becomes p, — Za;a; = p; which forces a; = 0, and hence p, = p; as
asserted.

(6) We have the following g-equivalences

Hp =(HF @ F_),  =("/V);®F_,)

XA—“'
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By assumption the last term is a subquotient of (H” & F_ #)xA_,.; apply (5) to get
the result.

We now prove (b).

We may assume, as before, that »(h,) > 0. Let V, Cc ¥V, ¢ H*" so that V,/V, is
infinitesimally equivalent to H%. By assumption x A€») = X, hence

A v)=A; +v+ 38, =0(8 ° Ad(x)"") forsomes € W(®). 1)

Let P, = 0 o P o Ad(x)™! (note P, D a and ®}), then the regularity of 8, says
that A(§, ») is dominant and regular relative to P,. Let ¥ = o o y = Ad(x)™!, then ¥
is the highest weight of F, relative to P,. Since A(§, ») + ¥ = 0o(8p + v) © Ad(x)"!
it is clear that

(2) A, v) + ¥ is dominant integral and regular relative to P,.

Xagn+7 = Xep+v° (3)
Indeed, by (1),

Xaen+H{(Z) = (A& ) + 9)(1,(Z))
= 0(8p + 7) ° Ad(x) "' (75(Z)) = 0(8p + VIVLZ) = X5,4,(2Z).

Combining Lemmas 8.3 and 8.4 we have
@) HY ® F, has a chain by quotients infinitesimally equivalent to , -

- '+7’n,
where v, = ¥, v5 . . -, v, are weights of F, on b. '
In view of (3'),
&y — S,v I
(H ® FY)XJP+7 - (H ® F‘/)x,\(e.;)+;’ (5)
Xaen+v = Xagn+7 Ay, = 7. (6)

Indeed, Xpc,)+y, = Xagn+5 iMPplies
A v) + v, = s(A(§, v) + ¥) for some s € w(®D).

But A({, ») + ¥ is dominant relative to P,, thus, s(A(¢, ») + ) = A& ») + ¥ —
Sra;, r, > 0 and o; € P,. But then vy, = ¥ — Zr,a;. This implies 7, = 0 since y is
the highest weight. Thus y, = ¥ as asserted and (6") follows.

(7)) The multiplicity of ¥ being one, together with Lemma 8.2 gives

(Hf"' (024 F) = HE V¥,

Y/ Xsp+y

Since H* is infinitesimally equivalent to (H% ® F),,., then (7) gives the
resuit.

REMARK 8.6. In the previous theorem, it is implicit that the realizations of the
discrete series 7, and 7, correspond. That is to say, if @, is a subspace (quotient),
then 7, is a subspace (quotient).

Let us assume that 7, is a subspace or a quotient of =, ,. Then =, is a subspace
or a quotient of , , . The computation of A(§,, »,) is contained in the proof of the
theorem, but we exphcltly point it out.

A(E, v) = 85 for some P pos1t1ve containing a and @ (cf. Lemma 7.1). Let A be
equal to A computed relative to P. Then ¥ = A — 8, and A&, »,) = AE, ») + 7.
Thus all we need are explicit tables for the embeddings of the various 7, ’s. We will
give them in §18.
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9, Character identities. Let the assumption be as in §2. Let y be a noncompact
root, positive relative to some system of positive roots for A. Choose the root
vectors X,, X__ so that X, + X__ €p and let a=R(X, + X_,). Let u =
exp (X, — X_,)/4, then the Cayley transform Ad u,: tc > (h™ + a)¢. Also @ =
Ao Ad u,(_1 and &, = {a > Ad uy": (a, ¥) = 0}. Let ®* be a system of positive
roots for @ defined as in §2. Fix @, and A* consistently. Let P = ®* o Ad u,,
then P is positive for A and y € P. Let a = y  Ad u,,", then a is the unique real
root determined by ®*. We fix 7 €t¢ a regular and dominant integral form
relative to P. Let 6¢ be the irreducible finite dimensional representation of G of
highest weight 1 — §,, relative to P.

Set W, ={we W(®): « '8 >0 for each B €®} or B=a}). Let A=
7o Ad u.{". If w € W, let o, be the irreducible finite dimensional representation
of M of highest weight wA|,- — §,,, relative to @, and let »,, be the element of a*
defined by »,(H) = wA(H). Consider {7, , , },ew, Notice that

1) (v, @) = (WA, @) = (A, @ 'a) > 0 by regularity of A, i.e.», > 0.

(2) XG,‘,V” = X‘r'

Indeed

x"w"a(z) = (wAlb' —8"! + 8m + Vw) (Yb“+u(z))
wA(Yb'+a(Z)) = A(Yb‘+a(z))7(7t(z)) =X, forZ €.

The following theorem is due to [14] and [21]. For a direct proof see also [1].

THEOREM 9.1.

(-7 2 0,=x(c°) - 2 det(w)9, . 3)

SEW/ W, wE W,

(©,, is the character of the discrete series m,,, q =3 dim G/K and x(0°) is the
character of %)

REMARK 9.2. It is immediate that the sum of the right-hand side of (3) contains
the characters of all the principal series with a parameter real and for which (1) and
(2) are true.

Let éd denote the set of the discrete series of G.

COROLLARY 9.3. Let G = SU(n, 1), Spin(2n, 1), Sp(n, 1) or F,. If w € éd then
there are an odd number of subquotients of w in {m;,}e e 1, » rear, va)>0"
PROOF. From the argument of tensoring with finite dimensional representation of

§8, we may assume that x, = 0 (x,, infinitesimal character of w). If n € G:,, write
©, for its character. We can rewrite (3) as

(-7 2 ©,=1+ 3 &6,
neéd i=1
Xn=0

whereg = *1,§ € M, y; real, »; > 0, &, p; all distinct.
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On the other hand the characters of inequivalent irreducible representations are
linearly independent and a nontrivial unitary representation of a simple noncom-
pact group is infinite dimensonal (cf. [20, I, ex. 4]). Hence

= X m®,, where m, = 1if n is a subquotient of =, , 4)

i=1

(cf. Theorem 17.9 for the fact that m; = 1) and m; = 0 if 5 is not a subquotient of
W&,"i‘

By Remark 9.2, ¥m; gives the total number of subquotients, hence (4) forces
1 =27, m =27_; m mod 2. Thus ¥m; = 1 mod 2, as asserted.

10. Branching theorem.

10.1. From now on we will assume that dim a = 1 and that G #* SI(2, R).

Then G is up to isomorphism one of the following groups:

(1) Spin(2n, 1), n > 2,

2)SU(n, 1),n > 2,

3) Sp(n, 1),n > 2,

(4) F, the analytic group corresponding to the real form g = f, _,o of gc = f4
with character —20.

The restrictions on the indices are set in order to avoid overlapping, since
so(2, 1) =~ sl(2, R) =~ su(l, 1) and so(4, 1) =~ sp(1, 1). The Cartan involution is de-
noted by @ and bar denotes conjugation of g with respect to g. Then X — 0x is
the conjugation of g with respect to the compact form f @ ip.

We shall need to make computation with root vectors, and we fix a normaliza-
tion of them. Namely by [7] we can select root vectors X, in such a way that
B(X,,X_)=2/(a,a) and 08X, = — X,. Then it follows that H_ defined by

=[X,, X_,] satisfies a(H,)=2and that X, + X__, i(X, — X_ ) areingif a
is noncompact; X, — X __, i(X, + X_,) are in g if « is compact.

If U is a compact connected Lie group and B a maximal torus of U, denote by b
and u the Lie algebras of B and U, respectively. Then b = 3, © b, where 3, is the
center of u and b, is a Cartan subalgebra of [u, u].

It is well known [17] that U, the set of all equivalence classes of irreducible finite
dimensional (complex) representations of U, is in bijective correspondence with

= {A linear form on b such that (1) AM(I')) C 2#iZforT', = {X € b:exp X =
e} 2) }\| o is dominant integral relative to some choice of positive roots}.

IfA e Du we denote by (m,, V'*) the U representation parametrized by A. If H is
a compact connected subgroup of U and § C B is a maximal torus, then for
A€ Dy, p € D, we define m,(p) to be the multiplicity with which the finite
dimensional (complex) representation of H, 7, appears in 7, .

We now go back to our situation; we retain the notation of §2. Fix A* a system
of positive roots for A and let A} = A, N A*. Let A be a positive noncompact root.
Then a = R(X, + X_,) is a maximal abelian subalgebra of p. Let h~ = RiH_,
where a € A and (a, A) = 0. The standard Cayley transform relative to A is Ad(w,),
where u, = exp((7/4)(X, — X _,)).
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Then Ad(w,) carries tc to hc and hence ® = A o Ad(»,)~". In particular the
roots of @, are of the form y = B o Ad(u,) ', with 8 € A and B orthogonal to A.
If {a,, ..., a,) are simple for A*, denote by { B, . . ., B,,} the roots of ® defined
by B, = & © Ad() ™", Set & = B, * Ad(m);! = ay,.

In what follows, we will fix for each group of type (1)—(4) a system of positive
roots ®* for ® and the real root a for ®*. ®;} and A* will be defined consistently
as in §2. The notion of dominance for K and M will be relative to A and ®;;.

The following branching theorems are proved in [1]. They are obtained using
results of [13] and classical branching theorems.

10.2. Let G = Spin(2n, 1), then g = so(2n, 1).

Let

= {(’g g),AEso(2n)} and

0 A
t = _At 0
0

We take the simple roots of A*, labelled as follows:

€ so(2n, 1) where A is an n X n diagonal matrix}.

A*: o——o -+ o = o, withey=¢—¢g,,1<j<n—1,
ay az Qp— ap

and a, = ¢, as in Bourbaki [2]. Then

a,_
AF: o - - <n 1
a Qp—2

a,_,; + 2a,

We take A = a,, then a = R(X, + X_,). Fix

4)"'; O e o => o
Y1 Yn—1 Yn
with
‘Yl == —Bl —_— e e . —_— Bn_l,

Y,=PBi_p 2<i<n-—1,
Yn = Pn-1 + Bn'
Define ¢ in terms of the dual basis A; of the v;’s,
(2 (Xn Yl) = 8y),
(v )

theny, =§ —§,, 1 <i<n-—1y,=E§, Also

. . e . o =]
®r: o0—o =

Y2 73 Yn—-1 Yn
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or in terms of the a;’s,

D) 0o ... 0o = o
al &n—z &n—l+an
The real root a for ®* is a=1vy, + - - - +v, = . Since K =~ Spin(2n) and
M ~ Spin(2n — 1) we have
{)\-—Za,,, >---2a,,>|al| >0
i=1
a,— a € Zand 2q; € Zfori,j = 1,...,n}.

n—1
DM={F-= 2 begby > >b,,30,

i=]

b,.—bjEZand2b,.erori,j=l,...,n—1}.

TueEOREM 10.3. (Notation as in 10.2.) Let A = 27_, a;e; € Dy and p. = 372} bg;
€ D,,. Then my(p) = O or 1.

If a,— b; @ Z, then m(p) =0. If a;, — b; €Z, then m\(p) =1 iff a; > b,
>"'>an—1> -1 > |a|-

10.4. Let G = Su(n, 1), n > 2, then g = su(n, 1). Let

t= {(g 2)’A € u(n),d € u(l) and tr 4 + d=0},

then £ ~ su(n) X R.
Let t be the diagonal matrices in su(n, 1). We take the simple roots of A*

labelled as follows:

A*: o0—— .. o—— , witha, =¢ —

@) a Qp—1 ay,

g4 1 €1 <

as in Bourbaki [2]. Then

A,':: O o o o o

ay Qp—y

We take A = ¢, — ¢,,,and a = R(X, + X_,). Fix

Pt o .. o withy, = 8,1 <i < n.
b4 Tn
Define & in terms of the dual basis A, of the a;’s, then y; = & — &, ,.
¢;: O o o o o
Y2 Yn—-1

or in terms of the a;’s,
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The real root a for ®* isa =y, + - - - +7v, = § — £,,,. We have

i=1

n+1
Dy = {}\= > ae;a > - - )a,,,a,.EZ,l<i<n+l}.
Dy, = {I‘= bo(e; + &40) + 2 big, by > -+ > b,
i=2
2b, €Z, b erori=2,...,n}.
THEOREM 10.5. (Notation as in 104) Let A\ =3"*1ae € Dy and p =
bo(ey + &,41) + 273 big; € Dy,

Let b, € Z be defined by 3., b, =2Z}.,a. Then m(p) =1 iff a, > b,
>:.->b, >a,and by = (b, + a,,,)/2. Otherwise m\(p) = 0.

10.6. Let G = Sp(n, 1), n > 2, then g = sp(n, 1). Let

-C 0 D O
r 0 t 0 = C, D complex n X n matrices C € u(n),
" 1l-D 0 C 0| Dsymmetric,? € u(l)ands €C )
0 -5 0 ¢
Let t be the set of the diagonal matrices in g. We take the simple roots of A* to be
given by
At: o + .. o &= o | withg,=¢ — g, 1 <i<nanda,, = 2¢,,,
a a, Qpy )

in Bourbaki [2]. Then

A":: o PR o & o o
oy Qp—1y 2a,+ap 4y En+d

We take A = ¢, — ¢,,, and a = R(X,, + X _,). Fix

Pt o -+ o0& o
Y1 Yn Yn+1
where
W=Bi+ By M= B~ =B

Yi=Bi_p 3<i<n
Y1 = ZBn + Bn-l—l'

Define ¢ in terms of the dual basis A; of the y;’s; theny, = § — &,,, 1 <i <n,

i
and Yne1 = 26n+l‘

+ - . s e
q)m ) o 0 & o 4
71 3 Tn Yn+1

or in terms of the q,’s,

@:l:o--- 0 &= o o

a Ay 28 F Apyy At H A Ay
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The real root a for ®* isa = y, + 2y, + - - - +2y, + v,,, = & + &. We have
n+1
Dy = {)\= > aga >--->a,>0,a,,,>04g€Z1 <i<n+l}.
i=1
DM={:U'=b0(£I+en+l)+E b, by > --- >b,>0,
i=2
2boEZ+andbiEZ,i=2,...,n}.

THEOREM 10.7. (Notation as in 10.6) Let A\ =371 ae; € Dy and p =
bo(e, + €,,1) + Zi.,b;e; € D,,. Define
A, = a, — max(a,, b,),

A, = min(a,, b,) — max(a;, b,),

An—l = min(an—l’ bn—l) - max(an’ bn)’
A, = min(a,, b,).

Then m,(p) = O unless:

MDa,>b,,,i=1,...,n—1,

b >a,,,i=2,...,n— 1,and

(3) by = (a,.y + by — 2)/2 for some j =0, ..., min(a,,,, b)),
where b, satisfies b, € Z, and . (a; + b,) € 2Z. If these conditions hold then:
m(p) = Eb, satisfing (3) m\(p) where

N, R 1o n -
() = > (_I)ILI(” 2 —|L| +3(-b, + Z14) zieLAi).
L n—2
(L] is the cardinality of L and (}) is defined to be =0 if x — y € Z,,).

10.8. Let G = F,, then g = f, 5, I = s0(9) and K = Spin(9). Let

A"':o——o:o—o

a ay a; ay

be a choice of simple roots for A*. Define ¢,, ¢,, &, ¢, in terms of the dual basis of
the a’s (cf. Bourbaki [2]). Then a, =€ — €&, ay =8 — &, a; =g, =
3(e, — &, — &5 — ¢,). We have

+
A : o 0— = >o

k o +20,_+20 0. a o}
2773774 1 2 3

We choose A = a, so that a = R(X,, + X_,) and m = so(7). Fix

+
) : oO—————O0———0——0

Y1 Y Y Y

2 3

4
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with v, = By, v2= By, s =B, +2B; + B, and v, = — (B, + 2B, + 3B, + .34)
Define & in terms of the dual basis of the v’s, then v, = & — &, v, = & — &,

vs=¢&and y, =3(8§, — & — & — &,).

¢ O———O0=———)0
m
"1 Y2 £
or in terms of the «’s,
+
(I)m : O————0 >o
— — = o 4
OLZ 0L1 OL2 20L3+OL4

Let K, be the subgroup of K isomorphic to Spin(8) so that a system of positive
roots for £, =~ so(8) is given in the following way:

./;24‘20‘3
(fl)c H (e,
2 3

Define an automorphism ¢ of (,)c which preserves the roots and such that
= ¢(my) is standard in ¢((f,)o), i.e.

¢ :Me: O————O0—==50 —> M »0
a2 ocl a2+2a3+a4 a2+2u3+2a4 oy ot2+oc3
It is clear that ¢ must be defined in the following way:
o(e) =5(e, + &, + 65— 2), (&) =3(e, + &, — &3 + &),
o(es) =3(e) — &5+ &3+ &), (e =3(—¢&, + &+ &5 + ).
We have
4
D, = {}\= > ag;a > - - >a,2>0,2€Z,aq—-ag€L1 <i,j<4}.
i=1
4
DK,={M=2 be; b, > by > by > |b)|,b,— b, €Z,2b, €L, i=1,. 4}.
i=1

Dymy = {v= Y & q > 4 > 4q; >0,2q.-€Z,q,-—q,-€Z}-
im=]

We use the vector notation (a, . . . , a,) = 2ia;¢; for a; € C.




EMBEDDINGS OF THE DISCRETE SERIES 319

THEOREM 10.9. (Notation as in 10.8.) Let A = 3%

i=]

a;e; € Dg; then

TN = > > 2

(91 --->94)=d(q1> - - - » 94) ¥=(b1; by, b3) E Dy i)
(4915 - - - » 9a) € Dy, @1>b> - - - >43>b3> 4
a;>q > - >ag>|q4 4/ —bEZ
a,—-g €L

11. Classification of positive systems of compact roots.

11.1. We are now in a position to use the general results of §§1-9 in order to
solve our problem. As a consequence of Theorem 8.5 and Remark 8.6 we have seen
that we only need to consider discrete series representations with trivial infinitesi-
mal character. The first step will be to give a complete parametrizations of such
discrete series. As second step we find the M-types of the minimal K-types of these
discrete series. In view of Theorem 5.1 this will determine the M-parameter of the
principal series where such discrete series may occur. The equation of the infinitesi-
mal character (Lemma 7.1(1)) will exclude some of these possibilities. Finally we
will use Corollary 9.3 and Lemma 16.6 to solve the problem in most cases.

For the remaining cases we will have to use other K-type arguments to get the
results (see §17). The whole of these results are contained in the tables at the end.

We retain the notation of §10. If 8 € A, we denote by s, the reflection by 8. The
following result is an immediate consequence of [3].

LEMMA 11.2. Let P, ..., P, be all the distinct systems of positive roots for A
containing A (i.e. P, N A, = Af). Let

be the corresponding discrete series. Then if w is a discrete series with trivial
infinitesimal character, w is equivalent to ms for some i.

In view of the previous lemma a complete parametrization of the discrete series
with trivial infinitesimal character is given, once we know all the systems P,’s.

We will exhibit them by a case by case argument. First we need the following
well-known result:

LEMMA 11.3. Let A = {P C A, P positive for A so that P N A, = A}, Then
|| = |W|/|W.| (| | = cardinality).

11.4. G = Spin(2n, 1). Let B, = A" and define B, = s, B,.
LeEMMA 11.5. The systems of positive roots containing A/} are precisely B, and B,.

PrOOF. B, and B, are distinct. The simple roots of B, are a;,...,a,_,,
&,_1 + &, —¢, Since a,_; = ¢,_; + ¢, + 2(—¢,) is in B,, it is clear that A} C B,.
On the other hand, there are exactly two such systems, thus the lemma.

11.6. G = SU(n, 1). We also use the notation A*: ¢ > - - - >¢,,, for the
fundamental Weyl chamber associated to A*. We define 4, 0 < i < n, a system of
positive roots for A, as follows:

A, =A% and Y =« j=1...,n
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Suppose 4, and v, have been defined. Then if 0 < i — 1, define 4, _, = 5,4, and
‘Yj'—l = sY.'iYI'"

LemMMA 11.7. (1) The systems A, are all distinct.

(2) If Q is positive and contains A, then Q = A; for some i.

PROOF. (I). ¥/ =a; + - - - +a,, 1 <i <n.

Suppose £ = & + - - - +a, for i <k <n, then y| =54/, =
Sy Syisi o Sya¥Ly = S = &;_y + - -+ +a,. Since y; = a,, the induction argu-
ment applies and (1°) is true.

QYA€ 2> -+ 2828, 26,2 - >¢, thatis
A, @ [ [o; —0 O O tienenanne o

1

% %i-1 1o Canitien %iel *n-1

For i = n, (2') is true. Suppose we have proved it for i < k < n, then by (1)
A,_,=s,_,, A Buts _ interchanges ¢ and ¢,,,, hence (2) follows. Lemma
11.3 says that there are exactly (n + 1)!/n!= (n + 1) systems of positive roots
containing A; ; this, together with (2’) gives the result.

11.8. G = Sp(n, 1). For 0 < i < n, we define n + 1 systems of positive roots as
follows:

C,=A" and y'= i=1,...,n+1

.’,
Suppose C; has been defined with simple roots yji, then if i — 1 > 0, define
C.

i—1

— i—1 i
=s5,C and y/7' = s,

LEMMA 11.9. The C;s are all distinct and they exhaust all the systems of positive
roots containing A .

PROOF. (1) Cii €, 2> - - - 26 2€,,,2€,, 2 - 2¢, > 0; that is
c, O veriennnns o o o O tienienee o {—=———=——o0
* *i-1 i+ Fan1fiar Yin *n-1 “q
Asin Lemma 2.2,y/ = a; + - - - +a,, | <i < n; thus (1). Clearly, the C;’s are all
distinct, and C, contains A : ¢, > - - - > ¢, > 0,¢,,, > 0. Since there are (n + 1)

positive systems containing A;', the lemma follows.
11.10. G = F,. Define

F, =A™,
- g%
F, = Sa,F33 a, a, agta, -a,
o———o—————) 0
F, = saz+a4F2' o, o, +2a +2(14 oo, o,

Thus it is clear:

LEMMA 11.11. The systems of positive roots containing A} are F,, F,, F;.
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11.12. We now compute the 2§,’s relative to the particular systems of positive
roots just introduced. We use the convention 2’,’, =0ifb<a,a b el
11.13. Spin(2n, 1).

LemMa 11.14. 28% = 57_\¢; and 2872 = 3721, — &,

ProoF. Following Bourbaki [2]:

n—1

28, = X 2n—))e,
j=1

28, = X (2n—2j + 1)y, and

j=1
n—1

28, = 5,285 = 2 (2n—2j + g — &,
J=1

The identities then follow.
11.15. SU(n, 1).

LEMMA 11.16. 28/ = 3/ _ 15, — Z7_,,16 + (n — 2i)g,,, 0 <i < n.

Proor. Following Bourbaki [2]:

28, =28 =3 (n—1-2+2g= 3 (n—2+ )g

Jj=1 Jj=1

2= S -2+ g+ 3 -y +(-2es, (D

J=1 J=i+1

for0 <i <n.
Suppose (1) is true for i + 1, then

284i = s£i+l_en+I28Al'+l

= s,_,._éf‘_,z”“(ii1 (n—2+2)g + é (n— 2j)ej +(n— 20 + 1))e,,+,)

j=1 J=i+2

=Ei:(n—Zj+2)ej+(n—2(i+l)+2).‘s,,+l

Jj=1

+ 3 (n—2)g + (n -2 + D)esy,

J=i+2

S S (-2 +dg+ B (n-2)g+(n— 206

Jj=1 j=i+1

Since the formula is true for i = n, the induction argument applies to prove (1).
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Hence

25/ =25, — 28, = X (n—2j + 2

J=1
n n
+ 2 (n—2)g+ (n—2i)e,,, — X (n =2+ g
J=i+1 J=1
i n
=Xg- X g+ (n—2ie,.
J=1 J=i+1

11.17. Sp(n, 1).
LemmMA 11.18. 26,,C" = 2}_1 2ej +2(n— e, fori=0,...,n.
PRrOOF. In this case

n
28, =280 =3 2n—j + g + 2¢,,,,

Jj=1

i n
28q=22(n+l—j+l)ej+ > 2n+1—-j)g+2(n+1—ie,,,; (1)

j=1 J=i+1
for0 <i <n.

Suppose (1) is true for i + 1, then

28C1 = s’i+|—en-+|28Ci*l

i+1 n
= s"*"‘"'(jgl 2ln+1—j+ l)ej + > 2n+1 —J)g +2(n— i)s,,H)

J=i+2

i
=21 2(n+1—j+ g +2n+1-—ie,,
j=

+ > 2n+1 - ))& +2n— i)e
J=i+2

= 2n+1—-j+Dg+ X 2n+1-))g+2(n+1-ie,,,.
j=1 =i+l
Since the formula is true for i = n, apply induction to get (1). Thus
i
265 =28, — 28, = 3 26 + 2(n — i)e, 4
j=1
11.19. F,.
LEMMA 11.20. 287 = 2¢, + 2¢, + 2¢;, 2872 = 3¢, + ¢, + &5 + &, 28, = de,.

PROOF. 28, = 27_,(2 - 4 — 2j + 1)g; = T¢, + 5S¢, + 3¢; + ¢, and following [2]:
285, = 16a; + 30(a, + 203 + 2a,) — 42(a; + a,) + 2205
= 16a, + 30a, + 40a; + 18a,
= 16(e, — &) + 30(e; — &) + 40e, + (e, — &, — &5 — &)
= 9¢, + Te, + 5¢5 + &,
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26;, = 16a; + 30a, + 42(a; + a,) — 22a, = 16a; + 30a, + 42a; + 20a,
= 16(e, — €;) + 30(e; — ¢,) + 42¢, + 10(e; — &, — & — &)
= 10g, + 6¢, + 4e; + 2¢,,

11e, + 5S¢, + 3¢5 + &

26,

The result follows.

12. Computation of M-types for 7,; .

12.1. If P is a system of positive roots for A containing A;', let us denote by Tas?
the K-module of highest weight 28F. Then Tysr is the minimal K-type of the
discrete series ,, ([15], [19]). We are now ready to compute the M-types for the
minimal K-types of the discrete series we are studying.

THEOREM 12.2. Let G = Spin(2n, 1), n > 2. T551 and Tysm: are both irreducible as

M-representations and they are equivalent to @, , where p, = 272 le..

PROOF. 28, = 37_¢,. We need to find all the (n — 1)-tuples (b, ..., b,_,) €
Z" ! satisfying:

() b, — b, € Z, 2b, EZandb > >b_, >0,
G)a,>b > - >b_,>l|al
(iii) @, — b, € Z,
whereag; = - -+ =aqa,=1.
If (by,...,b,_,) €Z" " and satisfies (ii), thenb, = - - - = b,_, = 1 and hence

all the other conditions are, a fortiori, satisfied. The result follows from Theorem
10.3. The same proof applies to 282 since the absolute value of the coefficient of ¢,
is still 1.

THEOREM 12.3. Let G = SU(n, 1), n > 2. The M-types of 1554, (0 < i < n) are m,;,
0<i<n-— l,ﬂ"£1 i<n- l,andarpgl < i < n where

' n—2i—1 i+1 n
pi=—m—(a + &)+ 2 g - 2 & 0<i<n-—-1 (1
Jj=2 J=i+2

n

(81 +1)+2 2 £, 1<i<n-—1, (2)

Jj=2 J=i+2

-

. n—2i+1 ;
M=t )+ S g S 5 1<i<n O

J=2 J=i+1

The multiplicity of each M-type is one.
PrOOF. We have proved that

i n

28,;"=216j— zlej+(n—2i)s,,+,, 0<i<n
= j=i+

We handle the following cases i =0, 1 <i <n—1,i=n, one at a time. If
I<i<n-1l,seta=---=ag=lLa,=-+-=a,=—1a,,,=(n—2i.
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We need to find all the n-tuples (c,, . . ., ¢,) € Z" satisfying:
WMa >c,2>--- 2a,_,>c, >a,and
() 7., 4, = 27, ¢

Letc = (¢ - - - 5 ¢,) be such an n-tuple. Then it is either
aq=-1 g=---=¢=1 ¢,=1 ¢=-""=¢=-1 (1)
=0 ¢g=---=¢=1, i1 =0, C,-+2="'=Cn=—l, (2)
a=1 g=--=¢=1 ¢gu=-L gu=--"=¢=-1L ()
Indeed because the ¢;’s are integers, (i) forcesc, = - - - =¢; =1, ¢, =+ =¢,
= —land¢,,, = — 1,0, 1. Apply (ii) to get the values for c,.

In view of Theorem 10.5, the resultis clearif 1 <i < n — 1. In thecasei =0 or
n, the proof is similar and we omit it.

THEOREM 12.4. Let G = Sp(n, 1), n > 2. The M-types of Ty5c;, 0 < i < n, are the
ones parametrized by the following highest weights:

i—1
— e, +e,)+2> &, 2<i<n—-1i=0,n,
j=2

=,
]

—_
S

. 1 i—1
/.L£=(n—i—i)(el+€,,+1)+2228j+8i’ 2<i<n-1,
j=
i—1

) 1
(et D)t e 25 g e 2<i<n-1

h,

i=1
pe=(n—i)e, + 6,4 +22 &+ g+ &, 2<i<n—1,
j=2

i—1

pi=(n—i+1)(e,+e.,)+223 g+2, 2<i<n-Li=ni=l,
j=2

' i—1

pe = (n — i)(e; + g,,,) +2 g + 2¢, 2<i<n-1li=1,

Jj=2

A i—1

p=(r=i=De+e)+23 g+2 2<i<n-li=1,
Jj=2

. ] i-1

‘u,é=(n—i+§)(€l+£,,+I)+2_22£j+2£i+£i+l’ 2<i<n-—-1i
j=

Il
—
&

_ 1 i-1
p.9’=(n—i—§)(8|+£,,+l)+22 g+ 26 + gy, 2<i<n—1i=1,
j=2
A i—1
,u{0=(n—i)(el+£n+,)+228j+2£,.+2€,+1, 2<i<n-—-1i=1,

Jj=2

where 2}:'2 g =0ifi <2and 3'_, ¢ = 0if i = 1. The multiplicity of each M-type
is one.

7
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PrOOF. 28,5 = % _, 2¢ + 2(n — g, fori=0,...,n

Let a = (a,, ..., a,,,) be defined by 37*!a;e;, = 285. We want to find all the
n-tuple in Z", b = (b,, . . ., b,) satisfying:

()b, >0b,>--->b >0,

()b >a,,2<j<n—1,

()ag > b,,1 <j<n-—1,

(iv) 27_,(a; + b) € 2Z,

)

iy () = ity (b)

s (_l)m(n =2 L+ (b + B, 4) - E.ELA,-) £0
Lc{l,..., n) n—2
(= 2oy big). )

If b is such an n-tuple set b} = (a,,, + b, — 2j)/2forj =0, ..., min(a,,,, b))
Theorem 10.7 says that w, = (b4, by, . . ., b)) = Z7_, big; + by(e, + ¢,,,) give all
the M-types of 7,5, when b varies through all the possible n-tuples of that kind.

We need to look at the following cases:

Mi=0,

@i=1,

B)2<i<n-1,

@di=n.

(1) Ifi=0, thenag,=--- =gqg, =0 and a,,, = 2n. The Z n-tuples satisfying
(1)—(iv) are of the form b, = (2k,0,...,0)fork€Z,.Since 4, =--- =4, =

0, then 1, (p,, ) 7 O implies k& = O; therefore the only n-tuple in Z”" for which (i)—(v)
is true is (0, . . . , 0), with multiplicity one. The only choice for b} is b) = 2n/2 = n.
Hence the theorem is true in this case, with the usual convention that 3°Z. = 0 if

=2

i—-1<2.
@2 Ifi=1 thena =2, 4a,=---=a,=0and a,,, =2(n—1). Let b=
(by, ..., b)) EZ", satisfying (i)-(iii). Then by=--- =b, =0 (if n > 3) and

0<b,<2,b,>0.37_,a + b, € 2Z forces b, + b, € 2Z; consequently the pos-
sible n-tuples in Z” for which (i)—(iv) is true are of the form:

(1) b} = (2k, 2,0, ..., Okez,>

Q@)b}=Qk+1,1,0,..., Okez,

(3) b = 2k, 0,..., Oez, -

The only n-tuple in Z" of the form (1") satisfying (v) is (0,2, 0, ..., 0) with
Aiy(bg) = 1.

Indeed 4, =--- = A, = 0and

b)) = 3 (—1)'”(” - Zn——lgl - k) #0=k=0

and |L| = 0. Therefore (b)) = 0if k + 0 and M, (b)) = 1 if k = 0.
The only n-tuple in Z" of the form (2) satisfying (v) is (1, 1,0, ..., 0) with
miy(b) = 1.Indeed 4, = 1,4, =-- - = 4, = 0and




326 M. W. BALDONI SILVA

my(b7) = 1§L(_1)|Ll(n -2 —n E; k— 1)
+ lEL(—l)'L‘(” - 2n—_|§| - k)
=2 1)'”(" - 2n—_I§| - k).

Hence if 7, (b?) # O, then k = 0 and in particular 7,(b3) = 1.
The only n-tuple in Z" of the form (3’) satisfying (v) is (2,0,...,0) with
m(b3) = l.Infact4, =2,4,=--- =4,=0,

(b)) = X (—1)'”(" —2—|L| +3(—2k +2) - 2)
2€elL

n—2
2€L n-—2
— _1|L|(n——2-—|L|—k+l).
2§L( ) n—2

If k > 2, itis clear that /i, (b)) = 0.
Ifk=0,

- —2—|L|+1

me)= 3 oH(n 2 )
2eL n—2
|L|=0,1

=("723 ") -@-0(223)

If k=1, A(b}) =1. Concluding, the n-tuples in Z" satisfying (i)—(v) are
©02,...,0,(,10,...,0and (2,0,...,0).

Set as usual bj = (a,,, + b, —2)/2 for j=0,..., min(a,,,, b)) and b, =
0, 1,2

If b, = 0, thenj = 0and by = (n — 1).

0.

Ifb, =1,thenj=0,1and by =(n — 1) + 3, b, =(n — 1) — 3.

Ifb, =2,thenj =0, 1,2and b = n,by =n — 1,b = n — 2.

Hence, the M-types are the ones described.

(B)2<i<n-1Inthiscaseay=---=ag=2and g, ,=---=4q,=0
anda,,, = 2(n — i).

Let b = (b,, . . ., b,) be a Z n-tuple satisfying (i)—(iii). Then b, = - - - = b,_, =
2 Gf i>3), 0<b, b,, <2, b>b,,,, and b, ,=---=b,=0, b, >0.

37_\(a; + b) € 2Z forces b, + b,,, € 2Z; it is now clear that the possible n-tuples
in Z" satisfying (i)—(iv) are
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ith (i + Dth
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forkeZ,,
forkez,,
forkeZ,,
forkeZ,,
forkeZz,,
forkeZ,.

with (1) = 1,
with i, (p) = 1,
with () = 1,
with Ay (p) = 1,
with i, (p) = 1,

an @k, 2,...,2, 0, 0, 0, , 0)
2" Rk+1,2,...,2, 1, 0, 0,...,0
3 2k, 2,...,2, 1, 1, o, , 0)
@4y (2k,2,...,2, 2, 0, 0,...,0
¢ Rk+1,2,...,2, 2, 1, 0,...,0)
6" 2k, 2,...,2, 2, 2, 0,...,0
The only n-tuples in Z” of the form (1”)—(6") satisfying (v) are
ith (i + Dth
Qo,..., 0, 0, .50
a,..., 1, 0, ..,0)
Qo,..., 1, 1, .50
@,..., 2, o, ..,0)
a,..., 2, 1, ..,0)
o,..., 2, 2, .,0)

with /i, (p) = 1.

We omit the computation which is straightforward as in the previous case.

Set b§ = (a,,, + b, —2)/2 for j=0,.
b, = 0, thenj = 0 and b3 = (n — i). Ifb,—lthenj—Olandb0
bl=(n—i)— L. 1fb, =2 thenj=0,1,2and b = n — i

n — i — 1. Therefore the M-types are the ones listed.
@®Ifi=n,thenag, =--+- =a,=2anda,,, =0 Then
(1)—(1v) are

(1) Qk,2,...,2,0) for k
@) Qk+1,2...,21) for k
(3") Qk,2,...,2,2) for k

and the ones satisfying (i)—(v) are (0, 2,...

,2,0), (1,2, ...

, min(b,, a,,,) and b, =0, 1, 2. If

(n—t)+

-tuples in Z" satisfying

ez,,
ez,,
ez,,

,2,1) and

2, 2, ..., 2) all with multiplicity one.
Since min(a, . ,, b;) = 0 for b, = 0, 1, 2, then we have j = 0 always and
if b, = 0, then b = 0;
if b, =1, thenb =1;
if b, =2, thenb) = 1.

The theorem is now completely proved.

THEOREM 12.5. Let G = F,. Let ¢ be as in 108 and if p =

p = (ay, a,, aj).

(1) The M-types of T4, are M ° oforj=1,...,10and
m=0GLD, m=2L1, pm=@01L10,
ps = 5’2’2) pe = (%’2’2) ;= 2’2’2)
n“'9l=(2’ 1, 0), V‘ll =(2,0,0).

=3_, ae, write

f"4l = 2’ 2’ 2)
[J.sl = (2, 2, O)’
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They all have multiplicity one.
(2) The M-types of 5, are LARE for j=1,..., 18, where, unless otherwise
stated, the multiplicity is one, and

=220, #=2210, =222, =} 3 D) =2).
ii=(3 3 Dm(s3) =2), 8= (1 1L Dm() = 3),
=(3.2.3) B=(G.33) B=@210), =21 1)(m(sH)=2)
ph=(L1,0), ph= (%’ 3 %)(’”A(l‘lz) =2),
iy = (%’ 3 %)(mx(#fs) =2), ph=G L1, pis= (% 3 %)’
pis = (2,0,0), p} =(1,0,0), pf=(0,00).
(3) The M-types of Tysr; are myp ° oforj=1,...,5and
=222, =333 B=01L1, w=(3513) 18=(000.
They all have multiplicity one.
PrOOF. We first prove (1).
281 =2e + 2¢, + 2¢, = zae witha, =a, =a;=2,a,=0.
i=1

Let (g, - - . , q4) be a 4-tuple satisfying:

()q - ¢ €Z2EL,
(i1) ¢, > ‘Iz q; > |q4);
(i)a, > q, > - - - > 93> a, > |q

(iv) a, — g, € Z.
Since g, € Z, then condition (iv) is equivalent to g; € Z. If ¢; € Z, then (iii) forces
4, =9, =2,q;=2,1,0and g, = 0. So the 4-tuples (q,, . . . , q,) satisfying (1)—(iv)
are (2,2,2,0),(2,2,1,0)and (2, 2, 0, 0).

Set (q’,, ey q)) =gy, - - - q4)- Let by, b,, by be a 3-tuple satisfying:

)b, — b €Z2b L,

(i) b, >b2>b3 >0,

(i) gy > b, > g5 > b, > g3 > by > |4,

(iv) g, — b, € L

() If (g .59 =(2,2,2,0), then (¢}, ..., qy) = (3, 1,1, 1) and (b, b,, by)
isequalto(3, 1, 1), (2, 1, or (1, 1, 1).

QYIf (g, .- -, 94 = (2 2,1, 0) then (¢}, ..., qy) = (5, 3 5, 3) and (b, by, bs)
isequalto (3,2, 1), (3,3, 1. G, 3, Hor (3, 3, 3)

G)YIf(qp,-.-,44) =(2,2,0,0), then (g}, ..., q3) = (2,2,0,0) and (b, b,, by)
is equal to (2, 2, 0), (2, 1, 0) or (2, 0, 0).

Hence by Theorem 10.9, the M-types are the ones described.

We now prove (2).

282 =3 ae¢ witha, =3,a,=a;=a,=1.
i=1
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Let (g, - - ., qy) be as in the proof of (1) satisfying (i)—(iv). Since a; € Z forces
q; €EZ, then (q,, . . ., q,) is either one of the following:

G 1LL1), 2,1,1,1), (1,1, 1,1),
3,1,1,0), (2,1,1,0), (1,1,1,0),
G, 1,1, -1), (2,1,1,-1), (L, 1,1, =1).
Let (b,, b,, b;) satisfying (i)—(iv) be as in the proof of (1).
AN If(q,---,99)=@G3, 1,1, 1), then (g1, ..., gy = (2,2,2,0) and (b, b,, by)
is equal to (2, 2, 2), (2, 2, ) or (2, 2, 0).
@) I (g - - -, q4) = @1, 1 1), then (g}, -, 4) = G> 3, 3 3) and (b1, by, by)
isequal to (3, 2, 2)or (3, 3, 3)-
G)If(gy,.--,99)=(,1,1,1), then (¢}, ..., q3) = (1, 1,1, 1) and (b, b,, b;)
=(, 1,1
@ If (q---,9)=@G,1,1,0), then (g, ..., q4) =, 2,2 —3) and
(b, by, by) is equal to (2, 3 2), (2, I 2) (2, 3 2)or(2, 3 2)
GYIf(qy,---,9) =(2,1,1,0), then (g}, ..., 49 = (2,1, 1,0) and (b}, b,, b3)
isequalto (2,1, 1),(2,1,0),(1, 1, ) or (1, 1, 0).
6)If (g .-.,q9=(,1,1,0), then (g}, . .., g5 = 3, 3, 3> 3) and (by, by, b3)
isequalto (3, 3, 2) or (3, 3, 3)-
@) If (g,--.-,99)=@G, 1,1, —1), then (q},...,9 =G, 1,1, —1) and
(b,, by, by)isequalto (3,1, 1), (2,1, ) or (1, 1, 1).
&) If (¢,...,99)=@2,1,1, 1), then (g},...,q) =, 3,3, —3) and
(by, by, by)isequal to (3, 3, 3), (3, 3, ) or (3, 35 3)-
@) If (q,.--,q9)=({,1,1 —1), then (g}, ...,49y) =(2,0,0,0) and
(b,, by, bs) is equal to (2, 0, 0), (1, 0, 0) or (0, 0, 0).
Finally, we prove (3).

2= ag a,=4a,=a;=a,=0.
i=1

Let (g, - - - q4) be a 4-tuple as in the proof of (1) satisfying (i)—(iv). Since q; € Z,
then (g, - . - , g) is either one of the following (4, 0, 0, 0), (3, 0, 0, 0), (2,0,0, 0),
(1, 0,0, 0) or (0, 0, 0, 0).

Let (b,, b,, b,) satisfy (i)—(iv) as usual.

a) If (g ...,4q) =(4,0,0,0), then (q;,...,4qs =(2,2,2, —2) and
(by, by, by) = (2,2, 2).

@) If (q,...,49) =3,0,0,0), then (g}, ...,4q9) =G, 3, 3, —3) and
(by, bz, b3) = (%, %, %)

G) If (g---59)=@2,0,0,0), then (q,...,99 =(1, 1,1, —1) and
(b1, by by) = (1, 1, 1),

@) If (q,...,49) =(,0,0,0), then (g}, ...,q%) = (5 3,3 —3) and
(by by, b3) = G, 3. 3)-

) I (qy .- -5 94 =(0,0,0,0), then (g}, . . ., g3) = (0, 0,0,0) and (b}, by, by)
= (0, 0, 0).
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13. Some result on positive root systems.

13.1. (Notation as in §10.) In order to use the equation of the infinitesimal
character, as we pointed out in 11.1, we need to classify all the positive root
systems for ®, containing a and ®. We do it by a case by case argument.

13.2. G = Spin(2n, 1). Set P®' = ®* and v! =y, 1 <i < n. Define P%* =
sﬂl’o" and y? = sﬁy,.’, fori=1,...,n.

Suppose P% has been defined with simple roots v{,...,y,. Then P¥*+! =
syP% and v/ = s v/,

LemMa 13.3. (1) P%, 1 < j < n, contains ®}.

(2) P% contains a = Y, + - -+ +v, the real root in PO ifj < n.

PROOF. (1) y/ = vy, + - - - +vy,ifj <n.

Suppose thatiwle have shown that yj’ =y, 1+ + + - +v;. (This is clearly true for
. + ; .
J=1) Then /7| = sty = 88y - .S =S, =71+ -0 + Y0 This

completes the induction and proves (1').

@)y & ®,,ifj <n
Clearly v} = v, & ®,,. Suppose that y/ & ®,,, then by (1'), v/} = ¥/ + v;,,. Since
Y/ € ®, and y,,, € ®, we see that v/} & ®,.

Now P%*!'= (P% — {y/}) U {—7/}. Hence if ®} C P%, then ®} c P¥*!,
for j < n, by (2'). Since @} < P°' we have thus shown that ®} c P%, forj < n,
and (1) is true.

By(1)a = yjf+ Vg1t +v,ifj<n—2a=y""'+y,ifj=n—1,and
a=y"ifj=n

Since v, = v/, if i > j, we see thata € P% forj=1,...,n.

LeMMA 13.4. The systems of positive roots containing ®,. U {a)} are precisely
PO, ..., P

PROOF. It is easy to see that P®!, ..., P%" are all distinct. Since there are exactly
|W(®)|/2|W(®,)| systems of positive roots containing ®, U {a}, the lemma
follows.

13.5. G = SU(n, 1). We use the notation ®*: & > - - - > §,,, for the funda-
mental Weyl chamber relative to ®*.

We define P a system of positive roots for »,0 <i<n—1,1<,j<n—ias
follows:

POl = @+, 71?" = v, k=1...,n
Suppose that P™, y{/, . . ., v// have been defined; then
P*VW=ys,PY and y{*Y=s,v,

AR ij i+l iy
P S PYoand T =5y

m—j+1

LEMMA 13.6. (1) The systems of positive roots P/ are well defined and distinct.

(2) P contains ®}, and a, where a = &, — &, , is the real root of $™.

) If Q C® is a system of positive roots such that {a} U {®,} C Q, then
Q = P for some i, j.




EMBEDDINGS OF THE DISCRETE SERIES 331

PrROOF. (1) If 2<i+,j<n+1, then v/ W=y, + - - +y,=§ — &,,.
Indeed y>! = y,. Suppose that (1) is true for 2 < i + j < k; then we prove it for
i+j=k+1.

,Yii—l,/' = Sv,-"_‘.zJYii_z'i = S0 Sy‘,'JY?’i~
But y» = y,s0 v/~ =y, + - - - +4, This completes the induction and proves
(1’). Similarly
Y,f'ij+l =& 1" &1 = Va0 s f2<i+j<n+1 (2)
Also
PV8 38> - 28,28 28,,2 " 28_,4
2E 126 2 P, (3)
ifl1<i<n2<j<n-—i
PY. 8> - 38 _ 1281 P e jyr P P8, 032
Pl:g> - 328§, 38 26,2 - 28, i>L

Another way of stating (3) is that P*/ has &, in the (i + 1)th position and &, , in
the (n + 2 — j)th position and & > - - - > §,. Suppose that we have proved this
for1 <i+j<k.Weproveitthenfori+ j=k+ LIfi+j=k<n, by (l)it
follows that

i+l — ¢ piJ. g g £ £ £ £
P = s,y PV & > PE P26 PE P E P 2 & ;4

28,3 B> P,

which is correct.

Similarly by (2'), P¥*! = sn'i,»“PU has £, in the (i + 1)th position, &, , in the
(~n —J + Dth position and &, > - - - > §, since s,  interchanges ¢,,, with
En—j+r1-

This proves (3") and the lemma follows immediately since a = &, — §,,, and the
P*% are n(n + 1)/2 and hence exhaust all systems of positive roots containing ®;
and a.

13.7. G = Sp(n, 1). We label ®* by &, > &, > - -+ >§,,, > 0, as usual. The
real root in ®* is a = & + &. Thus if Q is a system of positive roots and
Q D @, U {a)}, Q must have

£ > *é&, &2 -+ 28,20
All systems of positive roots are given by
nlgo(l) > nzé'a(z) 2 2 nn+150(n+1) > 0 WIth n, = il, o e Sn+l' (I)

Let P, 0 <i <j < n be the unique system of the form (I) with & in the
(i + Dth position and &, in the (j + 1)th positionand & > - - - > §,,, > 0, i.e.

B2 P E,PE PG> PEPE 25,2 P8, >0

For0<i<n-—1,1<j<n-—i let PY*" be the unique system of positive
roots of the form (I) with &, in the (i + 1)th position and —§, in the (n + 2 — j)th
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position and & > - - - > §,,,; > 0. Clearly there are precisely 2372 3(n — i) = 2n?
—2(n — n/2 = n® + n = n(n + 1) such systems P" and they are all distinct.

LemMA 13.8. (1) The P exhaust all the systems of positive roots containing ®7
and {a}.

Q) If i,j, i',j are in the range of definition of P", then if there is y € PY, y
simple in P¥, such that s,P% = PV, then |i — i'| + |j — j| = L.

PROOF. The P are clearly distinct.

2 n+ 1)

T (n+ n.

[w(a): w(4a,)- {1, s,}]

Hence (1). (2) is proved by inspection.
Note. Schematically condition (2) says that if we label the systems of positive
roots P by their Cartesian coordinates and if we draw a line between two such

systems related by simple roots, then we have:
Diagram for Sp(n, 1):

Pn—l n Pn—l,n+1
pn—2,n-1 1Pn-Z,n Pn—2,n+1 Pn—2,n+2
11,2 1 -
P P1,2n 1
P0,1 PO,Z PO,3 PO,n P0,n+1 1)0,21’1-2 PO,Zn—l l_)0,2n

REMARK. (2) of Lemma 13.8 is valid also for Spin(2n, 1) and SU(n, 1). We thus
have

Diagram for Spin(2n, 1):
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Diagram for SU(n, 1):

Pn-1,1
Pn—2,1 ’ Pn—2,2
‘ n-3,3
.
) T J.1,m-1
Pl,l P n
P0,1 .Po’z .............................. 'Po,n-l 'PO,n

139. G = F,. For want of a better way we give a list of the 12 =
| W(®)| /2| W(®,,)| systems of positive roots that contain @}, and a. Set P*! = @™,

then:
0,2 1
P’ = sY PO’ o Y > o————
4 Y Y, Y3*Y, e
Po’3 = SY +y 0,2 o > - ) o o
3 —
b " Y2yt Y37Y, Y3
0,4
P’ =35 Po’3 o— > > o o
Y2"‘2Y3+2Y4 +Y _+2Y 42 (Y. +2Y_+2Y,) +Y +
Y Y, P2Y,42Y, Y27 %2y, Y, 5, Y,
2005 _ g 0,4 . i 3o .
Y1+Y2+2Y3+2Y4 YL Y2V 42V ) Y - .
1T YY) ™y Ya*Y3*Y, Y3




1,5

1,6

P25

2,6

s
Y, ¥ +Y

S, vv s P
Yo+,

=s P
Y Y2,V

P1,6

S
Y H MYt

1,4

TSy sy P
YZ Y3 Y4

1,5

s
Y223,

s P
+
Y1+2Y2+2Y3 ZY4

1,5,

2,5

M. W. BALDONI SILVA

—_— & > o—m 0

Y Y, 2Y 427, Y, ‘(Y2+Y3+Y4) Y r2Y 4,
o0 d>o—r———— 9

O RYGRRYGH2Y ) Y 2NV H2Y (YY) Yo *2Yy*2Y,
0—————@)0————0

Yy -(Y1+2Y2+2Y3+2Y4)‘Y1+Y2+Y3+Y4 Y, 2Y 44,

o —————) o

Yy Y1 SO YY) Y Y, B2y,

o-— oo&———————%—+—0

YRRy, Y, Yy —(Y,*2v4Y,)
o —————— Y o o
- -(y,*2

Y HY¥2Y,%2Y,) Y #2Y 4 2Y 427, Yy (Y, +2Y,+Y,)
o0——— do—m——
Y, SCOY H2Y, Y H2Y ) Y Y HBY Y, (Y4274 ,)

In the following we label P/ by dots. We connect two dots with a line only if the
corresponding systems of positive roots are related by a simple reflection:

Diagram for F,.

2,4 2,6

P
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14. Some more computations. We now need to compute §,,;; for the systems of

positive roots introduced in §13. We recall that 26,,, = 3 _ < piar.

PiJ
LemMa 14.1. (Spin(2n, 1))

28p0: = (2n — 2i + 1)E, + 2 2n =2k = 1) + D + 2 2n = 2k + 1)§,.

k=i+1
)
PROOF. 28p0s = s,5-1 . . . 5,128p0u.
Sinceyf=vy,+--- +y, =& — §,,fork=1,...,n,then
Syiz e .sﬂé'k =g, fork=1...,i—1,
Syict e SpE = & and
Sy Spg =§ fork >i+ 1

Following Bourbaki [2]: 28pe: = 2% _,(2n — 2k + 1)§, and hence

i—1
28p0; = 2 2n =2k + 1), + (2n —2i + 1)é, + 2 2n — 2k + 1)§,

k=i+1

=2n -2+ 1)§ + 2 2n — 2(k —1) + 1)§, + 2 2n - 2k + 1)§,.
k=2 k=i+]

LEMMA 14.2. (SU(n, 1))

i+1

28 = (n— 208 + S (n—2(k — 1) + 2)§,
k=2

n—j+1
+ 3 (n—2k +2),
k=i4+2
n
+ DO (n=-2k+D+De+(n—2n—j+2)+2)é,,,. (1)

k=n—j+2
ProofF. Consider the permutation o defined by

(&) =~Ek+l, k=1,...,i

( +l)

a(ek)=ek, k=i+2...,n—j+1,

0(5 —j+2) Eas

o(§)=&_,, k=n—-j+3,...,n+1L

Then oP% = PY, 1 <i<n-1 1< j<n-— i Since 28pu =
St — 2k + 2)é,, then
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n+1 i
28, = o( S (n-2k+ 2)§k) =(n =20+ D (n — 2k +2),,
k=1

k=1
n—j+1
+ X (n—2k+2)§+(n—2n—-j+2) +2¢,,
k=i+2
n+1
+ X (n-2k+2¢_,
k=n—j+3
i+1 n—j+1
=(n—=2)5+ 2 (n—-2k-1)+25+ > (n—2k+2)é
k=2 k=i+2

+ i (n—2k+1)+2)§+(n—2(n—j+2)+2)%,,

k=n—j+2
LemMA 14.3. (Sp(n, 1))

i+2
28,,»,»=2{(n+1—i)€1+(n+1—j)§2+ S(n+1—(k=2)+ 1)§
k=3

Jj+1 n+1
+ 3 (n+l—(k—-D+ D+ 3 (n+l—k+1)€k},
k=i+3 k=j+2

i+2

28pijen = 2{(n +1-0)§ —jg+ 2 (n+1—(k—-2)+1)§
k=3

n+2—j n+1
+ > (n+l1—(k—D+ D+ > (n+l—k+1)§k}.
k=i+3 n+3—j

PROOF. Let o be the permutation defined by (0 < i <j < n)

o(§) = € 42 k=1,...,i
o(.,1) = &,

o(§)=¢&,, k=i+2...,J,
U(é}n) = &,

o(8)=é&, k=j+2,....,n+1

Then oP®' = P/, By Bourbaki [2]

n+1
28p =22 (n+1—j+1)§

Jj=1
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and hence

28?‘-’ = 0(28};0.1) = 2{0( 2 (n +1- k + l)Ek + (n +1—-i—1+ l)§i+l
k=1

J
+ X (n+1—-k+DE+(n+1—-j—1+1)8,,
km=i+2

+ nil (n+1—-k+ l)ék)}

k=j+2

k=1

J
+ X (n+1—k+Di,, +(n+1-))5
k=i+2

n+1
+ > (n+1—k+1)§k}
k=j+2
i+2
=2{ > (n+1-(k=2)+ g+ (n+1- i3
k=3
Jj+1

+ X (n+1—(k=1)+ 1),

k=i+3

n+1
+t(r+1-)g+ I (n+l—k+1)€k}
k=j+2

i+2
=2{(n+1—i)é',+(n+l—j)e'2+ Sr+1—=(k—2)+ 1§
k=3

Jj+1 n+1
+ > (n+1—(k=-D+ D+ > (n+1—k+1)€k}.
k=i+3 kw=j+2

Let 0, be the element in the Weyl group, W(«a,, . . ., a,, ), defined by
01(&) = &.4a k=1,...,i

0(§4) = &

Ol(gk)=§k+l, k=i+2,...,n+l—j,

o'l(é’n+2—j) = - €29

01(&) = &, k=n+3—j,...,n+1,
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then ¢,P%' = P/*" and hence
28pu+n = 0,(28p01) = 2{(n +1 - —(n+1—-—((+2-))+1)§

i+2

+ 3 (n+1-(k—2)+ 1)
k=3

+ "Jrzz_j(n +1—(k—1)+ 1)§

k=i+3
n+1
+ > (n+1—k+1)é'k}.
n+3—j

LemMA 14.4. (F)
28p0 = (11, 5,3, 1), 28515 = (4,10, 6, 2),

28p02 = (10, 6, 4, 2), 28p16 = (2, 10, 6, 4),
28p0s =(9,7,5, 1), 28,12 =(1,9,7,5),
28p0s = (7,9,5, 1), 28p24 = (5,11,3, 1),
28p0s = (5,9,7,1) 28p25 = (3,11, 5, 1),
28p14 = (6, 10, 4, 2), 28p26 = (1, 11, 5, 3).
ProoF. Following [2] the computation is straightforward.

15. M-types which give trivial infinitesimal character. We recall that 2§, =
2 ae¢+a.

LemMA 15.1. G = Spin(2n, 1). Define Ay; = 8pos — 8, and vy; = 2(8pos,a)/(a, @)
fori=1,...,n.Then

(D) Ag; = (n — i + 3)& + Zhs &

@ vy, =2n—i+3)

Proor. Following Bourbaki [2],

n—1

26, = 3 k@(n = 1) = Kvesr = 3 (k= D@n— 1) = k + Dy,
k=1 k=2

Q(n—1)—-1&+ nil (2n — 2k + 1)é + ((n — 1)* — n(n — 2))E,
k=3

n
= > (2n — 2k + 1)é,.
k=2
Thus,
28p0: = 28, = (2n — 2i + )§ + X (2n — 2(k — 1) + 1)§,
k=2
n n
+ > @n-2k+ 1§ — X 2n—2k + 1)§
k=i+1 k=2

=Qn-2i+Dé + 2 2§
k=2

and (1) follows.
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Since a = &, (2) is evident.

LemMa 15.2. G = SU(n, 1). Set A;; = 8py — 8, and v,; = 2(8pu, @)/(a; a) for
0L<i<n-—1landl <j<n—i Then

(D) Ay =3(n = 208 + ZEo8 — Shapra_j& + 3(n — 20 —j + 2 + iy,

@Dv,=n—-—j—-i+ 1L

Proor. Following Bourbaki [2],

n—2 n—1
28, = 2 j(n=2—j+ Dy, =2 G- Dr-)y
Jj=1 Jj=2
n—1 n
=(n-28+ 2 (n—2j+2)§ - (n—2)§, =23 (n—2 +2)&.
Jj=3 J=2
Hence
i+1 n—j+1
28,0, —28,=(n—2)5E+ > (n—2k — 1) +2)§ + > (n—2k+2)4
k=2 k=i+2

n

+ > (n—2k+1)+2)F +(n—=2(n—j+2)+2)¢,,

k=n—j+2
- 2 (n -2 +2)§
Jj=2
i+1 n
=(n-205+ 225+ > (=2 +(n—2n—j+2)+2)E,,,
k=2 k=n—j+2

and (1) follows. Since a = € — §,,, (2) is immediate.

LEMMA 15.3. G = Sp(n, 1). Set A;; = 8piy — 8, v,; = 2(8pw, @) /(a, @) for 0 < i
<j<n and A;;,, = 8pisn— 8,, Vjin =28pusn a)/(a,a) for 1 <i+j<n.

Then
1 3 i+2 Jj+1
Ai,j = (n + 5 - I)El + (fl + 5 —_])Ez + 2 ZEk + 2 ék’
k=3 k=i+3
vy=2n—i—j+2, (1)
and
1 1 i+2 n+2—j
Ai,i+n = (n — i+ —2-)5, + (5 —_])52 + 2 2€k + 2 Ek’
k=3 k=i+3

Vijen=n+1—1i—j. )]
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PRrROOF.

= le(z(” — D) —j+ Dyt (n—Dn/2v, + v,
j=

=3 G- DQn =1 =+ Yy + (= Dnp + & = &
p:

n
=20U-2@n—j+ )y +(n—Dni,, +& - &
j=3

=(3-2)(2n-3+ 1§

+2{-d@n—j+1)=(—-3)2n—j+2)}§

j=4

—(n=2)n+ 1Dég, . +(n—Dng,, + & — §

—@n =25+ 3 Qn -2+ 45+ 2, + & - &
j=4
n+1

§ — & + 232(n—j+2)£,.
j=

Hence

i+2
28PiJ—28m=2{(n+l—i)é',+(n+1—j)é’2+ Dn+1—(k—2)+1)§
k=3
Jj+1
+ > (n+1—(k-1)+1)§
k=i+3

n+1

n+1
+ > (n+l—k+l)é'k—lé'l+lé'2—2(n-—-j+2)£j.}
k=j+2 2 2 Jj=3

“of(n-irg)as (s 3)ar S 3 a)
k=3 k=i+3

and (1) follows since a = &, + &,.
We now prove (2).

i+2

28pien — 28, = 2{(n 1= —j6+ D n+1—(k—2) +1)3
k=3

n+2—j
+ > (n+1—-(k—-1)+1§
k=i+3
n+1 1 1 n+1
+ > (n+1—-k+1)§ — &+ 2(n—1+2)e}
n+3—j Jj=3

=2{(n - i+%)€, - (, )£2+ 'izzek + n+22 ’ }

k=i+3
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The expression for » is clear, so the proof is complete.

Vij+n
LEMMA 154. G = F,. Set A;; = 8pis — 8, and v;; = 2(8pu, @)/(a, @). Then:
(D) Ay, =3(11,0,0,0), vy, = 11,
2 Aoy = 3(10, 1, 1, 1), vg, = 10,
() A3 =3(9,2,2,0), 7, =9,
(4 Doy =3(7,4,2,0), 5, =7,
(5) Nos =3(5:4,4,0), %55 = 5,
O A= 2(6 51, 1),v,=06,
MDA s= 14,5, 3, D,vs=4,
@ A= 3(2,5,3,3), Vie=2,
QA= 2(1,4,4,4), =1,
(10) Ayy =3(5,6,0,0), v, s = 5,
(D Ays =3(3,6,2,0), 5 =3,
(12) A, =3(1,6,2,2), v, = 1.
PrOOF. Since 268,, = 5¢, + 3§, + &, and a = &, using 14.4, the computation is
straightforward.
15.5. Let 77, be one of the M-representation we found in §12. We have computed
its highest u weight with respect to the g’s. A moment’s thought shows, how, in
each case, the highest weight u of 7, reads with respect to the &’s.

As we remarked in 11.1, we now use the equation of the infinitesimal character,
to see which of these M-types will eventually give an embedding.

LemMa 15.6. (Spin(2n, 1))
= 22 é-i = AO,nl,,—‘ (l)

PROOF. A, =3& + 2% 5§, hence Ay, = 25 _5é.

LemMma 15.7. (SU(n, 1))

Dpf=A,_y fori=0...,n—1,
@upy=A_py, SJori=1...,n—1,
) s = Ai—l,n—i+1|,,_ Jori=1,...,n

ProOF.
+
Ay = (n—2t+n—2(n—j+2)+2)( 5 en 1)
i+1 n
+2 - 2 &
k=2 k=n+2—j

= (j;)(el Eprr) + lii‘lzgk - i &

k=n+2—j
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Hence
n—2i—1, i Q. ; .
Ai,n—i|,,-=_“2—(31+8n+1)+ 2E&E- X &= i=0...,n—-1
k=2 k=i+2
n—2,_ Lo Q. " ,
A iy =—2———(el+e,,+l)+ e — > = i=1...,n— 1
k=2 k=i+2
n—2i+1, . _ oo - ;o
Ai—l.n—i+1|,,_ = —2—_(31 +E )+ 2 EH— 2 = i=1...,n
k=2 k=i+1

LemMA 15.8. (Sp (n, 1)) We have the following table, where “NO” means that the
particular M-type does not give trivial infinitesimal character, i.e. is different from

A; - OF A +nly—r Jor all possible values of i and j. Otherwise, we give the correspond-
ing A, ;.
|i=0 i=n-1li#n-1,n,0 i=n
. ) i i,
2<ign, 120 u = mi)EE) = ijsej Ao, 2n NO A-2,n-1
i $. o,z
2<i<n-l Wy = (n-i-%) (E-€,)) + Zj£3€j Y Ein A-3,n-1 NO
i S & ez
Z<icgnm ug = (n-iv%) (§1-€,) + 252355 * & NO A-2,n
i « T ez ez
2<i<n-1 Hy = (1) (B-§)) + szZ,Ej * €150 An-3,n NO
. i i o
l<i<n e = (-ivl) (8)-8,) + ijsej + 2, A1 n-i+1+n
i Sy ox o - NO
1<ic<n-l W = (i) (- + Zjéssj + 28
i . =
1<i<n-l up = (-i-1)(E-€)) + ijsej *Z%in An-2,n-1 No
i oo
1<is<n-l g = (n-ivy) ()-8, + 23'2385 * 2€541%C 54 M-1,n-ien
. i I 1 - .
1<i<n-1 Hg = (n-1i-%) (}-€,) + szSEj + 285,0%€5,0 An-Z,n NO
Ledsnd g = @) Egy) + szfJ' MU Ay n-in
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PRrROOF.
—-k+1-1 _ . k+2~ I+1 3
Apgy,- = ——2—'—(81 —H+2X &5+ X &,
t=3 tmk+3
where
k+2 1+1
£ =0 k=0and E =0s/=k+1,
(4 (4
3 k+3
(0 < k <1 < n). Similarly,
n—k+1,. i R
Ak,l+n|b— = _2_(81 - e2) +2 2 & + 2 g,
t=3 t=k+3
where
k+2 n+2—1
> §=0sk=0and 3 §=0sI=n—k,
t=3 t=k+3
(1 < k + 1 < n). We also note that if 2 < i, then
i k+2
2E=Dseok+2=
j=3 Jj=3

For convenience in what follows we write A,, for Ay, Since & —

&, ..., ¢, are linearly independent on ), then

343

62,

. - -k+£-1
n-1= i n-i=0 n=i
2cicn, w=A e k2=1i =) k2 =1 ¢=>{k=n-2
’ l£=k+l 2=kl £ =n-1
_ n-k+£
(n-i=" n-i = n-k
2cisn, w=A k21 & ({k=i-2 which is impossible Y&,k.
’ = nk £ = n-k
-ks-1
nETa =0
Wen ,={k=0 <= (k=0 whichis impossible.
’ £=1 0=
n n-12<+£
0 . __fk=0
M T Mg (k=0 = {z =n
£=n
_ -k+e-1 -k+£-1
[n'1'1 Tz nei-k = == fn-l =1 i=n-1
Wy = Ay, S kez =i <~ (kt2=1i < /i=f <>{ £=n1
’ 1 Kk+3 = £+1 k+2 = lk = i-2 k = n-3
. n-k+& . n-k+£
{n-x-’/ 2 n-i-j = ——= i=k
u; " Z+n<=> k+2 = i > (k2 =1 <> { k=1i-2 which is impossible Vk,£.
’ ln+2-£ = k+3 £ = nk-1 £ = n-k-1
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e iy . -k+e-1
ln'l""f 2 Jn_i+!5 =y =i n=
uz Mg =>{ ke2 = i = /k2=1i k+2 i<e>/k=n-2
Ik+3 = £+1 k+2 = £ 1k+2 2 4
P n-k+£
J“'l*f ) yn-i+’/2 = n-k-% i=k+l k=i-1
i = = i- = i- = i-
uy I\k,b_n@)k*'z-l = lk=i2 = i-2 = /Jkx=1i-2
Ll = n-k-1 £ = n-k-1 £ = n-k-1 £ = n-k-1
which is impossible Vk,€ .
. _ -k+l-1 . 3-1
' [“’1‘ ) i=sm=l n-l=i
W= by, S k2= i <> /Kk2=1i <)k =n3
1&1 = k+4 £ = k+3 l £=n
. _ n-k+¢ n-k+£
j““ ) 1 ) n-i = n-k-1 i= kel
M= A gD k2 =i = {k=i2 = )k=i2 <=>/k=i2
Zn+2-£ = k+4 n-k-2 = ¢ £ = n-k-2 £ = n-k-2
which is impossible Vk,£.
Loy ckee-l
) [“ il = == n-i+l = 0 i=n
u; Ak,£® k+2 = i+l <>/ k=i-1 @/k = i-1 which is impossible since i < n-1.
l £ = 1+k £ = k+1 £ = k+1
.., _ n-k+f
n-itl = = n-i+l = n-k
whan a0 e k=il e (Kol
5 k,£+n {I; = n-i+l
£ = n-k zl = n-k
_ -k+2-1
) irn_l_ 2 fn-1=0 i=n
Mg = Ay p==> {k#2 =i+l <= {k=1i1 <= |k=n-1 which is impossible since i < n-I.
ll=k+1 l£=k+1 2=n
-k+£
. fn . 2 n-i = n-k i=k
u; kop=>{ k#2 = i*1 <=}k =1i-1 <=>[k=i-1 which is impossible Vk,2.
?1_=n-k 2 =nk (z=n-k
\
_ In-i—l - kel n-i-1=0 i=n-1
Wy = Ay o =) ka2 = ivl => | k+2= i1 &> Jk = n-2
Zl=k+1 £ = k+1 £ =n-1
n-i-1 = B—_—]—Z(i

i_ .
uy = Ak,bn‘:’ k+2 = i+l >
£ = n-k

k =i-1 <> ¢ k = i-1 which is impossible Vk,Z&.




EMBEDDINGS OF THE DISCRETE SERIES 345

_ kel

f“‘i*'/z z /n-i+'/¢ =% n=i
”til WA il k+2 = i+l > { k+t2 = i+l <> ¢ k = i-1 which is impossible, since i < n-1.
’ £+1 = ke3 2k =2 2k = 2

_ n-k+e

J“'”'/* 2 ;n-iwz = n-k-% fr=
ug = Ak,bn@ k+2 = i+l = k=1i-1 = ‘- ni
n+2-2 = k+3 {£=nk1 1§

. _ -k+£-1
;n—l"/’ T {n-i-’/f% i=n-1
u;-/\kt@ k+2 = i+l < /k=ile= {k=n-2
’ k£+1=k+3 11=k+2 L=n

iy - D-k+l
jn t 7z In-l—’/, = n-k-% fl =k
u; = Ak l+n® k+2 = i+l <>/ k= i-1 <>/ k = i-1 which is impossible Vk,Z£.
’ lmz-e = k+3 Ie = nk-1 } £=nk1
. _ -k+£-1
f“‘l STz n-i=0
uio = Ay l@ kt2 = i+2 < ) k=1 which is impossible since i < n-1 .
’ 2= kel - el
. _ n-k+£
jn'l ) rn-i = n-k
i s . i=k
plo'Ak,bn@ kt2 = i+2 <= / k=1 ‘:){£=n-i .
LZ = n-k 1 £ = n-k

LemMMA 15.9. (F,) Let p/ be as in Theorem 12.5, and A,; as in 15.4. Then W is
equal to some A, ; if it is in the following list:

- = 3
Ao,l,,,_ = Uiy b3, Ao,z,,,- = by 13,
Ao,s,,,_ = ui Ao,4,,,_ = 5, p3,
Ao,s‘,,_ = g, B3 Al,-t,,,_ = 13, Uis
Al,s,,,_ = i 13, Al,sl,,_ = pg,
A1,7",_ = u ui Az,s,,,_ = 1, bl

PrOOF. If p/ = 2}_,a¢ is the highest weight of 7/, then the highest weight of
w/ o ¢ with respect to

o ————) o
€ -8 € -
2753 375 €4

reads p/ = 3%_,a,_,§. Lemma 15.4 gives the expression for the A
(for convenience write simply A, )

A0,l = (0’ 0’ O)’ A0,2 = (%’ %’ %)’ A0,3 = (1’ l’ 0)’ A0,4 = (2’ 1, O)’
Aos=1(22,0), Ay=(3.3, 1) As= (% 3 %) A= (% 3 %)
Al,7 = (2’ 2: 2), A2,4 = (3, O) O), A2,5 = (3, 1, 0), A2,6 = (3, l, l).

ijl,—» as follows
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Comparing these expressions with the ones of the pj" ’s gives the result. Note that the
only M-type which gives infinitesimal character zero and with multiplicity greater
than one, precisely two, is u?;.

16. Some realizations of a discrete series representation. We generically fix a
system of positive roots P for A. We want to prove that if P contains two simple
noncompact roots, then the discrete series Ty, is realized as a subspace in two
distinct (nonequivalent) principal series. The result is a consequence of [10, Theo-
rem 1.1].

Without loss of generality we may assume that P 5 A}.

LEMMA 16.1. If P contains two simple noncompact roots, then my_ is realized as a
subspace in two distinct principal series.

PROOF. Set, for convenience, 287 = 28, 28, = 26 and 26 = 2§,. Let a,, a, be
two such simple roots. Choose X., € (8c)+, (i = 1,2) so that X, + X_, € b.
Let a; = R(X, + X_,) and m, be the centralizer of a; in k (i = 1, 2).

Let )7 = {H € b, a;(H) = 0} (i = 1, 2); then h; is a Cartan subalgebra of m,.
Let u; = exp(7/4)(X,, — X_,) and let Ad y; be the Cayley transform.

Set @ = (B Ad(y)"", B €A* and (B, &) =0}, then @, is a system of
positive roots for (m;,(h; )c). Let M, as usual be the centralizer of a; in K. Form
restricted roots A, with respect to q,;, and let A} = (A € A, AM(X,, + X,) > 0};
finally, let p, and n; be defined accordingly to A;". If ¢ (i = 1, 2) is the M-repre-
sentation of highest weight 28'457 A, relative to <I>,:', then Knapp and Wallach [10]
prove that 75 is infinitesimally equivalent to a subspace of =, ,, where »; € af is
defined by

2(8,a;)

- =1

(ai’ai)

Hence to prove the lemma, we need to show that these two principal series are not
equivalent.

Set B = a, + a,, then, due to the results of §11, B is a simple compact root.

Since in rank one all the noncompact roots have the same length (cf. [10, 12.1]),
itis clear that sga; = — o, and sga, = — a;.

Let k = exp[7/V2 (B, B)'"/*(X; — X _p), where X, is chosen so that [X,, X _, ]
= (B, B)'/*X, /V2. Then Ad(k)X, + X_,)=cos n/2(X, + X_,) +
sinm/2X,, + X_,) =X, +X_,.

o, = @,’;2 o Ad(k). (1)

It is obvious that Ad(k) sends the roots of m, to the roots of m,, so we need only
to verify that it sends the positive roots into the positive roots. Let y = y, o Ad u;!
€ @ . Since kuk ™' = u,, then v, o Ad u; 'Ad(k)Ad 4, = y,Ad(k) = s4v,. But
S = 5455, and v, # a;, a, and is positive for A, hence sgv, € A*. Similarly for
the other inclusion. Note also that Ad(k)n, = n,. Thus m , ~ m ;, where §, is the
M, representation of highest weight 25, - Ad(k)|,- = sﬁzsnl;.,- and 7 (X, + X_,)
=y o Ad(K)NX,, + X_,) = »(X,, + X_,).

"i(Xa,. + X—a,-) =
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28'4;.,— # 5528, - )
Indeed 2(8, B)/(B, B) = 2 and 2(§,, B)/(B, B) = 1 (B is simple compact) forces
2(3,, B)/(B, B) = 1. Thus 5528, = 2§, — 28, and 28,,“.‘_ - SB28nu.l— =28, =

2a2|»,— # 0. But (2) says that 7, , is not equivalent to m ; and hence to =, , , as
asserted.

16.2. Let 7, , be as in the previous lemma and ¥ = P - Ad u;!. Then
A, = a, © Ad ;! is the real positive root. Let A(§,, »,) be the parameter for the
infinitesimal character of =, , .

COROLLARY 16.3. A(§), ») = 8, where Q is a positive root system for the roots of
(hy + a))cand

(1)@ D@, andA,,

) A, is Q simple.

PROOF. (1) 1s just Lemma 7.1.

21, M)/ A) = — (X, + X_,) = 1 and hence (2) follows.

16.4. We now go back to our situation. Let ®*, ®} and «a be as in §10.

Assuming that we are in the situation of Lemma 16.1, let 7, be one of such
principal series; then we have

LeMMA 16.5. A(§, v) = 8y, where Q, is a positive root system for ®, containing o
and «a as a simple root.

PrOOF. To simplify the notation we may assume that7,, = m, , .
(1) 3k € K such that Ad(k): h; + a, >~ + aand
(i) Ad(k)(X,, + X_,) = 2h,/(a, @) (B(H, h,) = a(H)).
(ii) ®; = ¥ o Ad(k)"! contains « and ®;.
Assume for the moment that (1) is true, then a = A, » Ad(k)~! and Te v, == Tg5
where £ has highest weight A, o Ad(k)™! relative to ®} and # = », o Ad(k)~".
Since Ad(k)n, = n (n defined in terms of a) then A, ») = Ag, ° Ad(k)~ ! +
7 Ad(k)™' + 8pr = A}, ») © Ad(k)™' = 8, o Ad(k)"' where Q is as in
Corollary 16.3. Set @, = Q ° Ad(k)™', then 8, > Ad(k)~' = &, and the assertion
follows by Corollary 16.3, modulo the proof of (1).

Let k, € K such that Ad(kg)h; + aq; =bH~ + a.

(2) Clearly the roots of §; are transformed under Ad(ky) in roots of h~. If
Vo Ad(ky) ™' D @}, let 6 € W(D,,) so that a(¥] - Ad(k)"' N ®,) = ®}. Let
m € Ny, (T) so that Ad(m)y- = o (T the analytic subgroup of M corresponding to
™ and N,(T) its normalizer in M). Then Ad(mky)h; +a))=5b" +a and
oV} o Ad(ky) ™' N @,, = o(¥; o Ad(ky) ' N ®@,) = @} since o preserves the
roots of m. (2) forces A, ° Ad(mky)~ ' = A, e Ad(k)"' = * a.

If A, e Ad(mky)~! = « then (1) is true for k = mkgy. If A,  Ad(mky) ™! = — a,
let 5, be the reflection by « and k, € K so that Ad(k)y-40 = Sup-,,
(k, = exp[n/V2 (a, @)'/?(X, + 0X,)). Then Ad(k,mky)(b; + a,) =5~ + a and
(i) is true. Since s, acts trivially on ®,,, we still have ¥}" o Ad(kymky) ' N @, =
@ ; thus (1) is true for k = k,mk, and the proof is complete.
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17. Some more results.

17.1. If p € a then p = p,a|, where p, € C. We abuse notation and set
po=2p,. B

Let m,; = LIy be the principal series associated to P/, defined for each
group as in §13. "

We also denote by H" the representation space of ;.

Let =, for i in the right range, the discrete series representation parametrized by
8.; (. stands for one of the positive root systems introduced for each group in §11).
Denote by H' the representation space. There is an easy way of reading off the
formula of Theorem 9.1, using the diagrams of §13. We associate a * sign to each
P in the following way: assign a + sign to P%! and suppose we have given a sign
to P/, then associate to P’*! and to P**'/ (when it is defined) — the sign of P".
Set 7 = 8por © Ad u, (A as in §10); then the formula of Theorem 9.1 reads:

g0, +(—1)X0 =1, (17.2)

where 8, (6,) is the character of =,; (), g is the sign associated to P and the
sums are taken over i, j in the right range. The result is immediate since the
diagrams are built in such a way that two positive chambers are connected by a
line precisely when one is obtained from the other by reflection of a simple root.

Let ¢ € M, vE at such that Rer» > 0. If f € Hp" define (A(r)f(g)) =
{~f(gn) dn, where g € G and N is the analytic subgroup of G corresponding to
7 = @(n). Denote by J ¢ the only irreducible quotient of (,,, H§”) as by Theorem
6.5. Then if Z,, = ker A(v) we have J& = Hf7, .J & is the Langlands quotient.

Due to Langlands’ classification of irreducible quasisimple representation [12]
and [11] the following result is evident:

THEOREM 17.3. If m; , has a regular infinitesimal character, then the only irreducible
components of m;, are either Langlands quotients or discrete series representations.

We also have

THEOREM 17.4. Let v, v’ € a* such that v, v' > 0. Let w be a representation of G
infinitesimally equivalent to J**. Then if m is a subquotient of Z,., we have v' > v
& € M).

PrOOF. The theorem is an immediate consequence of the well-known result on
matrix coefficients of a principal series: let A € A* be a simple root and H, € a
such that A(H,) = 1, then lim,_, e"®~m, (a)f, 8> = (A(2)[(1), g(1)> where z
€ a} Rez > 0, f, gH}* and a, = exp tH,.

Write J* for the Langlands quotient of =, ;.

COROLLARY 17.5. (1) If i = 0, j 5= 1 then there are an even number of subquotients
in {m,,} infinitesimally equivalent to J" .
(2) J* is an irreducible component only of To,1-

PRrROOF. (2) is nothing else than Theorem 17.4.
Since J %! is the trivial representation [9], this is consistent with 17.2.
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To prove (1) use 17.2 to get Se;m,; (character of J*¥) = 0 (J* are infinitesimally
inequivalent).
We are now ready to prove some results for F, and Sp(n, 1).

LEMMA 176. G = F,. Let m;, 1 <i < 3, be the discrete series representation
associated to 8, (cf. Lemma 11.11). Then

(1) 74 is a subspace of m,,

(2) m, is not an irreducible component of .

PROOF. Let A}, A,, A;, A, be the fundamental weights for Af, in particular \; = &
and A\, =1(e; + &, + & + &). If m, k €Z, and m — k € 2Z, denote by X,,, the
irreducible K-module of highest weight (m — k)A;/2 + kA, = me,;/2 +
k(e, + &5 + €,)/2.

Let

as in 13.9, thus A = y,_is the simple root for a and a = 2A. Since vy, = 11A and
2p = 22), thus in [9] it is shown that 7y, has a composition series by H ol 5 W D
Mo O (0) where

Aj{o = 2 Xom o I’f/o = 2 Xup and Wo/ﬁo = 2 Xomk

m—k>6 m+k>0 m—k<6
m+k>0

(a) M, ~8 =,. Since the minimal K-type Ta5F> Of 73 has highest weight 28) = 4e,,
it is immediate that Xg o = 75r; With Xgo C 1\70. If we can prove that A?o does not
contain any irreducible K-module of highest weight of the form 28§ — A, where 4
stands for a nonempty sum of positive roots for F;, then (a) will follow from {15,
Theorem 13].

A generic element of the form A4 is

121 kv, == ks + (k1 - %)ez + (kz k, — I; )83 + (k3 -k, — %)84,
where k; € Z , and they are not all zero.
285 — A4 = (4 —Lk)e, + (3ky — ky)ey
+ (3ky + ky — ky)es + (3kq + ky — k3)eg

Assume that there exist m, k € Z, such that X, C M, and X, x is equivalent to
the K-type of highest weight 28> — A. Then we would have:

m=8—k, k=ky—2k, k +ky=2k, ky=3k,.

But m — k > 6 forces k, — k; < 1. Since k € Z, we also have k, > 2k,. Thus
2k, <k, <k, + 1.

This last inequality is satisfied only if kK, = 0 and hence k, = k; = k, = 0.
Therefore M, does not contain any irreducible K-module of highest weight of the
form 28> — A and (a) follows.
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(b) Vf/o / Mo is not infinitesimally equivalent to a discrete series.

If Wy,/M, is a discrete series, it could only be m, [cf. Lemma 15.9]. Now
28F: = 3¢, + ¢, + €3 + ¢, Hence:

(1) X = To5r2

(i) X,, is equivalent to the K-module of highest weight 287 +
3(e, — & — & — ¢,). Since — 3(e, — &, — & — g,) is positive for F,, the result
follows again by [15, Theorem 1.3].

PrROPOSITION 17.7. G = F,. Let 1, be the irreducible K-module of highest weight
p = 2, + 2¢, + 2¢; + 2¢,, then 1, is a K-type of m,.

ProoF. To prove that 7, is a K-type of m,, we use Blattner’s multiplicity formula
[6]. Recall that

and

28 =3¢, + e+ &5+ &4, 8 =1(Te; + 5¢, + 3¢5 + ¢,).

If P is the usual partition function relative to the positive noncompact roots for F,,
then Blattner’s multiplicity formula says

myr(p) = X P(w(p+ &) — 28— 8)-

we W,

Write P(w) = P(w(p + 8,) — 28F2 — §,). Now if w € W, thus

4 4
w( 21 a,-e,.) = > (=" aewi;y wWitho”=0,1(i=1,...,4),

i=1
and ¢" a permutation of {1,...,n}. We write w = v”.6". A sum of positive
noncompact roots is of the form: 3%_,3(x;¢;) where

X, =k, + ky+ ky+ kg + ks + kg + kg — ky,

xy=k  + ky+ ks+ ky+ kg — ky — k3 — kg,

xy =k, + ky+ ks+ kg + ky — ky — kqg — kg,

xeg=k  +k,+ ky+ ky+ k; — ks — kg — kg,
withk,€Z,,i=1,...,8
287 + 8, =3{13¢, + Te, + S¢; + 3¢,), g+ 8 =3{1le, + 9¢, + Te; + 5¢,}.

Thus

wp + 8) — 28— 8, = (- l)ulwl_zlsa“‘(l) + (- 1)0;3%"(2) + (- 1)0;%80'"(3)

_1\945 B, _ 1, 5., _3
+ (D)™ 36ma) — 58 — 28 — 38 — 38
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Suppose that 6 = I, thus P(w) # O iff there exists k; € Z,, such that

(=111 — 13 = x,, (=111 - 13 = x,,

(=D)%9—T=x, .  (=DF11+(=1)%9-20=x, + x,,
(-D%7 =5 = x,, - (=D + (=1)%7 = 18 = x, + x,,
(-1)%5 -3 =x,, (=D + (=D¥5 — 16 = x, + x,.

Since x; + x; > 0, i = 2, 3, 4, the last three equations force v,* = 0,i = 1,2, 3, 4,
and k, = k, = ky = k, = ks = kg = kg = 0. Substituting these values in the first
equation we get k, = 2. Thus we have proved that

> P(w)=1

weE Wy
w=op™

Suppose that 6" # I, then we will prove that 6(4) = 4.
(@) If 6™(4) = 1 then (+) (— 1)*5 — 13 = x,.
On the other hand we would have 6"(1) =4 or 0"(2) =4 or ¢"(3)=4. If
6"(1) =4 then 6”(3) =2 or 3. If ¢%(3) =2 then (—1)%7 — 7 = x, and this
equation summed with () gives a contradiction, since x, + x, » 0. If 6%(3) =3
then (—1)°7 — 5 = x, and this again is impossible (x; + x; > 0). Thus ¢*(1) # 4.

If 6”¥(2) =4 (6”(3) = 4) again we get a contradiction (x, + x, > 0) summing
the equation ¢*(2) = 4 (6 (3) = 4) with (*). Therefore 6”(4) # 1.

(b) If 6¥(4) = 2 then ¢”(1) = 1 or 6”(2) = 1 or ¢"(3) = 1. In all cases we get a
contradiction (x, + x, > 0) summing the equation in question with ¢"(4) = 2.
Thus 6™ (4) # 2.

The same kind of argument proves that 6% (4) # 3. If 6"(4) = 4 then o™(2) # 1
and o%(3) # 1, as is easily seen. Thus we have proved that if ¢" # I then
0”(4) = 4,0"(1) = 1 and ¢”(2) = 3, 6”(3) = 2. In particular

(D11 -13=x, (—D%T-7=x,

which is impossible. Hence
2 P(w)=0
weE W,
w=yp"o"
oWl
and we can conclude that mysr.(p) = 1.

COROLLARY 17.8. 7, is an irreducible component of m,¢, 7, ¢ and m, ; and it is not
an irreducible component of any other principal series.

PrROOF. Combining Theorem 12.5 and Lemmas 159 and 17.6 we have that ,
could be an irrreducible component only of the following principal series:

02> To3» Toas To5> T1a0 Th,so Tie M1 and 7y 0))

Let us consider the K-type 7, of the previous proposition and compute its
M-types. Leta, = a, = a; = a, = 4.

We give a list of the possibilities for the g;’s and the corresponding g;’s satisfying
(1)—(iv) as in the proof of Theorem 12.5.
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4 9 9 da N 9 9 9
2 2 2 2 2 2 2 2
3 3 3
2 2 2 1 2 2 2 2
2 2 2 0 301 1 1
2 2 2 -1 1 1 1 1
2 2 2 _ 2 2 2 2 2
4 0 0 0

Let b,, b,, b, satisfy (i)—(iv) as in Theorem 12.5, then (b,, b,, b;) is one of the
following triple:

(2, 2’ 2), (%, %, %)’ (%’ b %)’ (3’ 1’ 1)’ (2’ 1’ 1)’
ALy, (3,33 G.33) G35 G33)
(4,0,0), (3,0,0), (2,0,0), (1,0,0), (0,0,0).

Thus by Theorem 10.9, the M-types of 7, are of the form 7, < ¢, where y =

2;_1 b,e;, with (b,, b,, b;) in the above list. They all have multiplicity one. 7, is a
K-type, with multiplicity one, of the following principal series.

- N W

70,170,271,47M1,671,772,4M2,6 2

(use the Frobenius reciprocity theorem and the list of the A, ’s given in the proof of
Lemma 15.9).

(a) 7, is a K-type of J®? and J°? is an irreducible component of my,. J%* is by
definition in 7,, and Theorem 17.4 says that the only other place where J%* may
appear is in 7,,. But J 92 appears in my, only once by [16] (it can also be proved
directly), then Corollary 17.5 says that J%2 is in m,,. Referring to the proof of
Lemma 17.3, since H*!/ W = J%!, and M, = m,, then

JO? ~ WO/M0= DD ¢

Now t, = X, C W,/ M, so (a) is true.

(b) 7, is a K-type of J>* and J>* is an irreducible component of 7, ,, We know
by Lemma 15.9 that there are no discrete series in the composition series of 7, ,.

Since 7, is a K-type of m,, then 7, is a K-type of an irreducible component of
75,4 Which is necessarily a Langlands quotient. On the other hand 7, is a K-type of
m, and m, appears in 7, and 7, , (a = &, is simple for P"’ and P?° so apply 16.6),
thus 7, is not a K-type of J>% and J "7 (the multiplicity of 7, is always one). Thus if
7, is not a K-type of J 24 we are forced to conclude that the irreducible component
of m,, of which 7, is a K-type is J 16 But it is easily seen to be false using the
K-type of highest weight vy = 3¢, + ¢, + &, which is a K-type of J 16 and not of
7,4- Therefore 7, is a K-type of J 24 and (b) follows from (a) together with
Corollary 17.5.

Using (1) and (2) we know that 7, can appear only in my,, 7, 4, 7y ¢, T} 7, T2 But
(a) and (b) say that =, cannot be in 7, and 7, ,. The result is now a consequence of
Lemma 16.6 and Corollary 9.3.
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THEOREM 17.9. A discrete series representation is realized in a nonunitary principal
series with multiplicity at most one.

PRrROOF. In view of the result of §8, we only need to prove the theorem for discrete
series representation with trivial infinitesimal character. With this in mind for
Spin(2n, 1), SU(n, 1) and Sp(n, 1) the result is a consequence of the fact that the
M-types of the minimal K-type all have multiplicity one. For F,, the only discrete
series which could occur twice is 7, in 7y, as we noted at the end of the proof of
Lemma 15.9. But now Corollary 17.8 applies to give the result.

PROPOSITION 17.10. G = Sp(n, 1). The discrete series m,_, is an irreducible compo-
nent of T, |41 Tp_2n+2 Tn2n+1 and it is not an irreducible component of any
other principal series.

PrROOF. We prove that there exists a K-type of «,_, which is not a K-type of
Hr=2n=1 gn=2n pgn=3a-1 pn=3n (these principal series are the only ones where
@, _, could occur, besides the ones in the statement).

Let p = 37, 2¢ + 4¢,,,, and consider the irreducible K-module 7, with highest
weight p. The choice of such p is the obvious one, considering the form of the
M-types that determine the above principal series. To prove that 7, is a K-type of

we use Blattner’s multiplicity formula (cf. [6]). Recall that

Tp—1>

Cn-l : 0O ... O o 0 { ————=—0
% -2 E:n—l_enﬂ E:n+1-€n Zen
and
n—1 n
28C"'—22£+2"+,, 8k=2(n—-j+l)tzj+¢-:,,+1
Jj=1 J=1

If P is the usual partition function relative to the positive noncompact roots for
C,_,, then Blattner’s multiplicity formula says

mzsf,.—l( p) = 2 P(W(l"' + ak) - 28nC"'l - k) (VVk = W(Ak))'

weE W,
Write P(w) = P(w(p + &) — 2851 — §,). Now
A;’; o . s 0 & ©° o
ay Q-1 2e, %n+1

and if w € W, thus:
n+1 n "
W( 2 aiei) = 3 (=D& gy + (= DE10ss,
i=1 i=1

with v =0,1 (1 <i <n + 1) and ¢ a permutation of the set {1,...,n}. We
write w = v" - ¢". The positive noncompact roots for C,_, are

& * € pp 2 * L .| * Ent 1> Ena * Ep-
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Thus a sum of positive noncompact roots will be of the form

n—1 2n—1

2 k;(ej - 6n+l) + kn(en+l - en) + 2 kj(sj + en+l) + k2n(£n+l + en)

J=1 Jj=n+1
n—1

= 2 (k_/ + kn+j)€j + (k2n - kn)en + (kn + - +k2n - kl - _kn—l)en+l’
Jj=1

withk; € Z, for 1 <j < 2n.

n—1
28ncn—| + 8k = 2 (n —-j+ 3)% + ¢, + 3€,41
j=1

p+ 8 = 2(n—j+3)sj+5£,,+,.
j=1

Thus
W([J. + 8k) - 28,,C"_' - 8k = 2 (_ 1)ij(n _j + 3)60"’(1')
j=1
v n—1
+ (D" 5g,, — 2 (n—Jj +3)g — & — 36,4,
=1

Suppose that 6™ = I, thus P(w) # 0 iff there exists k; € Z, such that

(-1 (n—j+3)—(n—j+3)=k+k,, (A<j<n=—1),

(-D)"-3-1=k,, — k,

n

(_1)0:+1,5_3=k"+...+k2n_kl_..._k

n—1°

Since k; > 0, the first n — 1 equations force v = 0 and k; = k;,,, = 0 for j =
1, ..., n — 1. Substituting these values in the last two equations we have

(-D*-3—-1=ky,, —k,, (=1)"'-5-3=k, +k,,

n

Again, since k,, k,, > 0 we have v,", ; = 0 and hence

(=D -3 —1=k,, — k, 2=k, + ky,

n

i.e.
(-D"3-1=2-2k,, 2=k,+ ky,
If v =0, thus k, = 0 and k,, = 2. If v” = 1, thus k, = 3 and k,, = — 1 which
contradicts the positivity of k,,. Thus we have proved that
> P(w)=1.
weE W,
w=p"]

Suppose now that 6" # I. Thus there exist j € {1,..., n} so that o(j) =/ for
some / < j. If the partition function for such w were different from zero, thus the
following equation would be satisfied for some k,, k;,.,, €EZ :

(=D (n—j+3)—(n—=1+3)=k+ k.,
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and this is clearly impossible. Thus

2 Pw)=0
weE W,
w=o""
LAt T4
and we can conclude that mysc, (p) = 1.
To find the M-types of 7,, we use the computations of Lemma 12.4(4) to see that
by, b,, ..., b, could be
(i@2...,20),
() (1,2,...,2,1),
(i) 2,2,...,2,2).
Since a,, , = 4, by (i) get b, = 2, by (ii) get b, =3, %, and by (iii) get b, = 3, 2, 1.
Hence the M-types of 7, are:
n—1
3(e; + g4 + > 2¢; + 2e,,
Jj=2

n—1

2(e; + g,4y) + 2 2¢; + 2¢,
Jj=2
n—1

(& + e + S, 2 + 26,
Jj=2
1

5 "
Setan+ S 2+
2

n—1

%(81 + €n+l) + 2 28_] + €,
Jj=2

n—1
2(e; + g00) + 2¢;.
Jj=2
Writing these M-types in terms of the §’s, we have

n+1

3(€1 - 52) + 2 251’
Jj=3

n+1

26 - &) + 2 25,
j=3

n+1

-8+ X 2,

Jj=3

n
(& — &)+ 23 2 + &40
j=

[SYEVOR STV}

n
(5 —-&) + _23 28 + &,
j=

n
28 - &) + D 2.

j=3
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Comparing these formulas with the ones giving the A"/’s, we have the assertion at
the beginning of the proof. The P”*™s with i + j + n = 2n are the ones for which
the real root a is simple. Thus the result follows combining Corollaries 9.3 and
16.4.

From now on we consider G = Sp(n, 1). Let §£ € M be the irreducible represen-
tation of highest weight A, = by(¢, — &) + E;‘:;bjel and » € a*. We need the
following result of [8, Theorem 3(1), p. 24].

THEOREM 17.11. Let the representation m,, be such that b, = 0 and
5Q, a)/(a,a) + 1) EZ. Define t; = b ., +n—j+1forj=2,...,n and set
v=2r,a)/(a,a). Then if (w + )/2>t,+1or t,_,>@+1)/2>4+1,i=
3, ..., n, the principal series has two invariant closed subspaces different from zero

and from H*%".

We now want to prove that the discrete series w, of Sp(n, 1) is an irreducible
component of =, _,,_,. We show, using opportune K-types, that the only Lang-
lands quotient which may appear in the composition series of =,_,,_,, besides
Jr~rn=1 s J"=2" (The K-types we consider are usually “lowest” in the sense of
[16].) This fact together with Theorem 17.11 will give us the result.

The same fact in the case of Sp(2, 1) follows directly by [9] where the composi-
tion series for the spherical principal series 7, is described. For the notation we
refer to everything set up to now.

LEMMA 17.12. Let 7,, 0 <i < n — 1, denote the irreducible K-module of highest
weight u,;, where p; is deﬁned in the following way:

4 1
M.:E2ej+e,.+l+2(n—i—5)en+|, 0<i<n-3
Jj=1
n—1
P2 = 2] 2ej +4en+l7
j=
n+1
B,y = 2 2sj'
j=1

Then 1, is a K-type of J “2n=1 and of the following principal series:
Ti2n—i—0 Tizn—i> Ti—12n—i—1 Ti—12n—i 1<i<n-—1,

and for i = 0,

T0,2n—1> 70,2n
7, always has multiplicity one.
ProoOF. We compute the M-types of 7,. We first consider thecase 0 <i <n — 3.

Then y;, = 2"=|jjw1thal='-- =qg=2a,,=14a,,=---=a,=0and

an+l=2( _l__)
We need to find all the n-tuples in Z", b = (b,, . . ., b,), satisfying (i)—(v) as in
the proof of 12.4.
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Let b be an n-tuple of integers satisfying (i)—(iii). Then b, = - - - = b,_; = 2,
1<b;<2 b, <2 b,,<1and bj,3=---=b=0G i=0, b,<1, by
=...=b =0andifi=1,b,<2,0,< 1,by=---=5b,=0)

Alsod, =+ =4, =04, = b —max(l, b, ), 4;,, = min(l, b,,\) — b,
A=+ =A,=0G i=0,A,=1—by, Ay=---=A,=0,and if i =1,
A, =2 —max(1,b,), A, =min(l, b)) — by, Ay="---=A4,=0). 2(aq; + b) 2Z
forces b, + b, + b;,, + b,,, odd (b, + b, odd, if i =0, b, + b, + by odd, if
i=1).

In the following table we give on the left a list of the possible n-tuples of integers
satisfying (i)—(iv). For simplicity we only indicate the values of b,, b, b, }, b;,,. b,
depends on a parameter k € Z, thus on the right we compute for which k the
n-tuple we are considering satisfies (v). We also give the value of 4,, 4;,,, and the
multiplicity

l n
'ﬁu(ﬂ)= 2 (_l)lu n_2—|L|+5(—bl+$Ai)_i§LAi
n—2

(- 5

i=1

and the value of by = (a,,, + b, — 2j)/2,forj =0, ..., min(a,,,, b))
b,

b, i by bia2 A Ay by by m, (1)
O<i<n—3 2k 2 2 1 0 0 0 “"2“ 1
+ —
0<i<n—-3 2k+1 2 2 0 0 1 1 ""“2 l,“"“z ! 1
l<i<n—-3 2k+1 2 1 1 1 0 ;| Gntl G-l 1
2 2
bl-O:M 1
l<i<n—3 2k 2 1 0 1 1 0,2 2 .2 5
b, =2: an+l2 an+I2— Gn+1 1
: , .
+ —1
1<i<n-3 2k+1 2 0 0 1 0 1 ""“2 l,“"*‘z 1
2<i<n-3 2k 11 1 0 o 0 % 1
+ -
2<i<n—3 2k+1 1 1 0 0 1 1 “"*‘2 l,“"*‘z ! 1
2<i<n—3 2% 1 0 0 o0 o 0 “"2*‘ 1

The computation is immediate but in the case of the n-tuple b, = (b, ..., b,)
where b, =2k, b,=--- =b,_,=2,b,=2,b,,,=1,b;,,=0,b,,3="+-- =),
= 0. We need to find for which &, m, (p,) # 0.

1
n-2-|L+5(-2k+2) - 3 4

A (p)= X (=D" jeL
Lc{),...,n} n—2
- > (_1)|L|(n—2——|L|—k+1).
Lc{l,...,n) n—2

i,i+1€&L
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If kK = 0 then

Fum)= S (-pE(nT2T

—_(n—-1\_¢(, _ n—2)=
(n—2) (n 2)(n—2 L
If k = 1 then M, (u,) = 1. If k = 2 then /i, (p,) = 0. Since a,,, > 2, the values of

b, are the onmes indicated. Thus the M-types of 7,, 0 <i <n — 3, have highest
weight relative to the §’s given by

; 1\,. . S ax 4 e " .
0<i<n-3, ‘y{=(n—i—5)(el—£2)+22£j+26,~+|+2€i+2+8,«+3
Jj=3

withm = m,(v{) = L,

i
0<i<n-—3 Yi=(n—)E - &)+ 2 2§+ 26, + 28,
Jj=3
withm =1,
i
0<i<n-3 Yi=s(m—i—1)(& — &)+ 2 26§ +28,, +2&,,
Jj=3
withm =1,
i
1<i<n-3 Yi=(n—)E — &)+ X 28+ 28, + &y + &4y
Jj=3

withm = 1,

i
1<i<n-3, y§=(n—i—1)(§,—€2)+232%+2é+1+§+2+é+3
j=
withm =1,
A 1\,. . Lo . .
1<i<n-3, Ys'=("—i_‘2‘)(el_€2)+2329+28i+1+3i+2
j=
withm = 2,
) 1\ .. . i .
1<i<n-3, Y';=(”_i+5)(£1“32)+2329+2ei+1+é+2
j=

withm = 1,

1<i<n-3, yé=(n—i—%)(é’,—€2)+22é'j+2é}+,+é',.+2
j=3
withm = 1,
i
1<i<n-3 y;=(n—i)(é‘l—€2)+22§j+2€,-+, withm = 1,
j=3
i -
1<i<n-3 Yio=(m—i—1)¢ —&)+ X 2§ +2§,, Wwthm=1],

Jj=3
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4 1y,. . Nl " .
2<i<n-3, yl'1=(n—i—5)(£,—82)+22tzj.+ei+1+ei+2+ei+3
Jj=3
with m = 1,
i
2<i<n=3  yh=(n- )& -8+ D 245, +8,, withm=l,
j=3
i
2<i<n-3, Ys=(—i—1DE -&+ 2 25+ &, + &4,
Jj=3
withm = 1,
. ; 1 d
2<i<n-3, Yf4=(”_i_'2')(€1_€2)+232€j+5i+l withm = 1.
j=

To prove the second assertion of the lemma by the Frobenius reciprocity theorem,
we have just to check which of the M-types we just found is equal to the M-types
described by the A, ’s or the A, ;,,’s. The computation is straightforward and we
omit it (see f.i. Lemma 15.8).

(a) 7, is not a K-type of (m;, Hp).

Indeed p, = 285 — (g,,, — &) With g,,, — ¢, simple for C,. Hence (a) follows
by [15].

(b) 7, is not a K-type of (7., Hi™").

Indeed g, =265+ — (g, — €,4,) With &, — ¢,,, simple for C,,,. Again (b)
follows by [15].

By Lemma 15.8 and Corollary 16.4 we know that 7, 7, , are subspaces of =,,, _;
and that they are the only discrete series which are irreducible components of
T, 2n—i- Thus by Theorem 17.4 we have that the composition series of =, ,, _; is given
by Hi*~' 5 H.® Hi*' 5 HE D (0).

Using (a) and (b) we may conclude that 7, is a K-type of J i2n=i g5 asserted.

The proofs for 7, _and 7,  are very similar and we omit them.

LeMMA 17.13. Let Tg» 0 <i < n — 1, denote the irreducible K-module of highest
weight B;, where [3;.is defined in the following way:

1
Bi=22 &+ g4yt ey +2(n—i— g, 0<i<n-2

Jj=1
n—1
Bn—l =2 2 Ej
j=1
Then 14 is a K-type of J***~'~! and of the following principal series:
1<i<n-4 Tipn—i-2 Tign—i—1 Ti—t2n—i—-2 Ti-12n—i—-0
i=0, 70,2n-2 To2n— 1>
i =n-— 2’ '”n—2,n’ ﬂn—2,n+l’ '”n—3,n—-l’ wn—3,n’ Trn—3,n+l’ 7rn—t‘,n—l’ ‘”n—4,n’
i=n-3, Tn-3n+1 Tn-3n+2 Tn—8n-0 Tn—a4n> Tn—dn+1> Tn—4n+2
‘”n—S,n—l’ 7rn—5,n’

1=n- 1’ '”n—l,n’ Wn—Z,n’ ﬂn—B,n—Z’ '”n—3,n-l'
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PrOOF. The M-types of 75, 0 < i < n — 2, have highest weight relative to the &’s
given by

0<i<n—-3, yi=(m—-i-1)(§ —8&)

i
+ 23 2“;‘ + 2§i+l + €i+2 + E'.+3 + E‘.+4 with m = 1’
j=

; 1y. . N me 4 ns " .
0<i<n-—2 72’=(n—1—5)(e|—82)+22£j+26,-_,_,+28,-+2+8,-+3
j=3

withm = 1,
i
0<i<n-—-2 y;=(n—i—%)(€,—€2)+ 23 28 + 28, +28,,+ &,
j=
withm = 1,

0<i<n=2 wvyi=(—-i-1)E-8&)+ 2 28+28,, +28,,

Jj=3
withm = 1,
. i 1y . .
1<i<n-3, y§=(n——i——§)(el—82)
i
+22€j+2€~i+l+€i+2+€i+3+i§i+4 withm = 1,
Jj=3
. i 3\ .
1<i<n-3, vyi= n—t—z(e,—ez)
i
+ 2 2%’ +25 Gt &t Gy with m = 1,

j=3

i
Jj=3

. withm = 2,
1<i<n—-2, vyi=@n-i(§ - &)+ is 28 + 28, + Eup + Eus
j-
withm = 1,
1<i<n—2 yvi=(n—i-2)—&)+ 23 2 + 25, + Gz + Eiay
j=
withm = 1,

. 1y, . N .
1<i<n-2 yl'o=(n—i—5)(e,—e2)+232ej+2e,.+|+e,.+2
j=

withm =1,
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. i 3\ . . L. . .
1<i<n—-2 yl‘l=(n—z—5)(e,—e2)+2329+26i+,+£i+2
j=
withm = 1,
i
2<i<n—3, Yl’z=(n_i—1)(61_62)+232é}+£i+1+€i+2+gi+3+~
j=
withm =1,
. i N B V. Lo -
2<i<n-12, Y{3=(”_’_5)(31_£2)+_232"}'+€i+1+8i+2+5.‘+3
j=
withm = 1,
. i .3 d
2<i<n-—2 Y14=(n—1—5)(5,—é'z)+232€j+éi+l+§i+2+§i+3
j=
with m = 1,

(]
—

i
2<i<n=2 vyis=(—-i-1E-&+ X 25+ &, +&,, withm
Jj=3

The computation is very similar to the one of the previous lemma, hence we omit
it. To prove the second assertion of the lemma by the Frobenius reciprocity
theorem, we have just to check which of the M-types in the previous list is equal to
the M-types described by the A, ’s or the A, ,’s. Again we omit the computation.

Hence 74 is a K-type of the described principal series. The only irreducible
components of m;,,_;_;, 0 <i <n —2,arem,,, J**"7'"! and eventually a Lang-
lands quotient of the form J*2"~* for some 0 < k < n — 1 (cf. Theorem 17.4).

Hence 7, must be a K-type of J**"~'~!, otherwise it would be either a K-type of
;. or possibly of J*?"~* for some k (this is impossible because then 7, would be
a K-type of 7,15, OT Of w4 5, _4)-

The proof for 75 is very similar and we omit it.

LemMMA 17.14. Let 7,,0 <i <n — 3, be the irreducible K-module of highest weight
Y;, where v, is defined in the following way:

i ) 3
i=2 25+ et gt st 2(” —i- 5)5n+1-
j=1

Then t, is a K-type of J**"~'~% and of the following principal series:

1<i<n—-4, T i3 Tignic» Wi 12n—i-% Tic12n—i-2

i=0, T0,2n—3> T0,2n—2>

i=n-3 Tn-30 Tn=3n+1>Tn—an—1 Tn—an Tn—an+1> Tn—5n—1> Tn—5.m
i=n-—4, Tn—an+1> Tn—4n+2 Tn=5n—1 Tn—51 Tn—5n+1> Tn—5n+2

‘”n—6,n—-l’ Wn—6,n'
7,, always has multiplicity one, but 7, __ has multiplicity two in m,_, ,.

PrROOF. We omit the proof because it involves the same computational details of
the two previous lemmas. We only give a list of the M-types for the convenience of
the reader.
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The M-types of 7,, 0 < i < n — 3, have highest weight:

0<i<n-—4
0<i<n-3,
0<i<n-3,
0K<i<n-3,
1<i<n-—4,
1<i<n-—4,
1<i<n-—3,
1<i<n-3,
1<i<n-3
1<i<n-3,
1<i<n-3,

) . 3),. -
B = (" -1 _5)(51 - &)
+ D285 4+28,, 28, + Ea+ Eygt Eys
3
Bz' =(n—-i- 1)(§ — &)
i
+ 2285+ 28, + 25, &t Gy
3
Bi=(n—i-2)(§ - &)

i
+ ; 26+ 28, + 25, + £yt Eus

: A A VRN S - -
B‘;=("“’_§)(31_€2)+§2£i+28i+1+25i+2+ei+3’
Bs=(n—i—-1)(&§—&)

i
+ 2 25+ 28, F Gyt Eyat Gt Gy
3

Bé=("_i_2)(§1“52)
i
+ 28 +28, F Eyy F East Gt Eys
3
i . 3y, -
B';=("_’_§)(5|_€2)
i
+§2é'i+2€i+l+£i+2+ei+3+€i+4’
i N P -
Bs = ”_'_5(51_52)
1
+ % 25+ 26, F Eupt Eust+ By,
i . 5),. -
By = ”"_5 (& - &)
é'i+4’

1
+3 25+ 25, + E ot E s+
3

1
Bio=(n—i—1)& &)+ 25+25,,+&,,+ &,
3

1
lel = (” —i- 2)(€l - 52) + 2 25:‘ + 2é'i+1 + Ei+2 + Ei+3’
3
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. ; ) PP
2<i<n-—4 B{2=(n—1—5)(e,—ez)
1
+ 225+ G FEtEy it s
3

1
2<i<n=3 Biu=m—-i-)E - +D 25+ &, +E,+ &+ G
3

1
2<i<n-3 B{4=(n_i_2)(€l_52)+22€i+€i+l+€i+2+gx’+3+é}+4’
3

. 3 !
2<i<n=3 Bl=(n-i-F)@ -8+ 2%+ G0t 8t s
3

They all have multiplicity one, but 84 has multiplicity 2. Once the second assertion
of the lemma is proved, since there are no discrete series in 7;,,_;_,, 0 <i <n —
3, then 7, must be a K-type of J***~' by Theorem 17.4.

LEMMA 17.15. Let 7, denote the irreducible K-module of highest weight 3722 2¢, +
&,_,+ ¢, Then 1, is a K-type of J"~>" and of the following principal series:

215 Tn-215 Tn—3n—1> Tn_3.n- T @Gways has multiplicity one.

ProOF. The M-types of 7, have highest weights:
1 n—2
ay=5(& = &)+ X 26+ 28, + 26 + &,y
Jj=3
n—2
ay= D 28 +28_, + 28,
j=

n—2
=3 25 +26_,+&+E.,
j=3
n—2
ag=(& — &)+ X 28 +28_, +E + &,
j=3
1 n—2
as =5 (& — &) + > 26+ 28, + &,
j=3
1 n—2
Ag = 5(51 - &)+ 2 25}' +E_ +E +E L,

Jj=3
n—2
a; = 28 + &, + &,
Jj=3
Once the second assertion of the lemma is proved, since there are no discrete

series in 7, _, ,, then 7, is a K-type of J™"~2 by Theorem 17.4.

THEOREM 17.16. (1) 7, . has a composition series of length three; the irreduc-

_2"._

ible components are: J"~>"~', J" %" qnd the discrete series =,,.
(2) m, is an irreducible component of =, _, .
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Proor. The parameters which describe the principal series 7,_, ,_, are

n+1

An—z,n—l,,,- = bo(&, — &) + j§3 bjg,

with by = 0,5, = 2,for3 <j <nandb,,, =0,
and
V=10, 5,1 With2(»,a)/(a, a)=5.
Thus 3(2(, a)/(a, @) + 1) = 3.

Lettjbe as in Theorem 17.11, then ;, =n —j +3,2<j<n—-1; ¢ =1 and
4=1_,>1Q0 a)/(c,a) + 1) >, +1 =2

Hence by Theorem 17.11, we can conclude that the composition series of
T,_2.— has length > three.

On the other hand we know that the only irreducible components of =,_,,_,
could be, besides J”"~2"~ 1, the discrete series @, (cf. Lemma 15.8) or the Langlands
quotient J"~2" (combine Lemmas 17.12, 17.13, 17.14, 17.15 and Theorem 17.4).
Therefore (1) is proved.

m, may be an irreducible component of #,_,,_,, 7,_,, and 7,_, .., (Lemma
15.8). Since 7, is in 7,_, ,,, (Lemma 16.6) then (2) is a consequence of (1) and of
Corollary 9.3.

18. Tables. We maintain the notation of §§10-17.

Let Q be positive for A and containing A;. The following tables will give
realizations of the discrete series Tay in the principal series for which the a
parameter is real and in the positive Weyl chamber for a. As we saw in the
discussion of 11.1, this is enough for our purpose.

Because of the minimal K-type Theorem 5.1 and Lemma 7.1, the parameters of
the principal series where 75, May appear are the ones computed in §15.

We use the following symbols:

* the discrete series appears as a subspace,

® the discrete series appears, and it is not a quotient.

If none of the symbols appear, then no discrete series occurs.

TABLE L. Spin(2n, 1), n > 2

Let o, m, be the discrete series representations associated with 85, 8 (cf.
Lemma 11.5).

0,1 0,2 0,3 0,n-2 PO,n—l o,n

The parameters of the principal series 7y, , (0 < j <n) associated with P% are
P )

~ Z(VOJa a) . 1
AO,j",— =k§2 & W=2(H—j+5).

is because of Lemma 11.6.

Comments.
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TABLE IL SU(n, 1),n > 2
Let m; (0 < i < n), be the discrete series representation parametrized by 8, (cf.

Lemma 11.6).
"M n-1
Pn-1,1
™
n-1 ® "n-2°"n-1
n-2,1 -
P Pn 2,2
nn 2 TTn 3’TT 2
- 3
®n 3,2 .n—3,3
3
. ®“2 AP
P’ I P1,n—2 P1,n—1
'.___. .......................... 1 g0
PO,l PO,Z Po,n—l PO,n
The parameters of the principal series LI (0 i<n—-1,1<j<n-—i,
associated to P*/ are
j —i—-1 i+1 n
Ay =G + L)+ D> &+ > & and
k=2 k=n+2-j
2(1’,-,,-, a) n—j P41 . -
———=n—-j—i a=£ — &,
(a’a) ’ 1 n+1

Comments. Lemma 16.2 guarantees two realizations of #;,, 1 Ki <n—1,as a
subspace and one for 7, and 7. On the other hand the P/ marked with ° are just
the ones for which a is simple. Thus apply Lemma 16.6. Finally Corollary 9.3 gives
the rest. (See Table III.)

The parameters of the principal series m, y 0<i<j<n (= Ay 0<i
<n—1,1<j<n—iassociated with P/ &""*") are *

- ’lJ+n’




(6’11 vwrwa *p) ¢ Aq pazuswrered uonejussaidor souss 9aI0sIp 3 oq ‘(U > 1> () & 197
T <u’(1u)ds MIA14VL

d d d
o 1-uz‘0 7-uz‘o £-uz‘o
.’ e ....................
O:. ~=
a d
1-uz‘1 -uz‘t
®
Nn.; ~=

. a4 a
-uz'e g-uz‘g
—""9
¢

m:.~= L
d «d
€-uz‘g y-uz’e
®
q:.m: q:

® ®
d
z+utg-ud 1+u‘z-u c.Nrcm T:.Nncm
® ®
-u z- -u
1 :.N :: 1 " :F =:
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. 1
—i4j— i+2 j+ .
Ai,/,,,-=_"——2 (&, —-ez)+22 &+ > &,
k=i+3
20y )=2n+2—i—j,
(a, @)
2-j
- +j i+2 n+
Aijnm,- = '—2—(31 — &) +2 2 &+ 2 &
k=i+3
2700 @)
J+n® . . ~ ~
—m—=n+l—l'—_] (a=£1+82).

Comments. In Proposition 17.10, we prove that «,_, is an irreducible component
2m+2 and of m,_, ., only. Also the PY*"s with i + j + n = 2n
are the ones for which the real root a is simple. All this together with the same
remarks as for SU(n, 1), explain the content of the table for all the discrete series
representations, except ,. The result for «, follows from Theorem 17.16.

TABLE IV. F,

Let m, 1 <i < 3, be the discrete series representation associated with § (cf.
11.10).

Of '”n— Ln+ 1D Wn—

1’72
2,4 2,5 2,6
P P P
™ m ™ T, ,T
2 ’'3
® ® ®
plot pLs5 pLs6 pLs7
s Kl i ™
3 3 1 1
{ 4 ® ®
0,1 ,2 s s
P Po 2053 p04 2055

The parameters for the pnnc1pal series 'rrA, iy associated with the P*’s are in
order (P%, ..., PO5, P14 .. PV p24 " p2e)
A,,-:(0,0,0) (3, 3, 5), (1,1,0),(2,1,0),(2,2,0), (2,1, 3). (3. 2. 3).
(3-3.3)(222,(3,00,(3,1,0,3,1,1)
and
v+ 11, 10,9, 7,5, 6,4,2,1,53, 1.

Comments. Since a = §, is simple for P'" and P?>, this explains °. Lemma 17.6

says that 7, appears in m,, and is a subspace. Hence the situation for m; is clear by
Corollary 9.3.

For 7, the result follows by Corollary 17.8.

Let 7, be the irreducible K-type of highest weight p = 4e, +4e, + 2e5. T, 5 2
K-type of 7, with multiplicity one. The proof, using Blattner’s multiplicity formula
is straightforward, but deals with many different possibilities, hence we omit it. On
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the other hand using 17.2, it can be easily seen that 7, is a K-type of =, of
multiplicity greater than or equal to one. Since 7, is a K-type only of the following
principal series: mys (m = 1), 75 (m =2), 1, g (m =2), m 5, (m = 1), my5s (m = 1)

and 7,5 (m = 3), (m being the multiplicity of 7, in the corresponding principal

series), we are forced to conclude that 7; does not appear in 7, , and 7, 4. Therefore
7, can only be an irreducible component of 7, s and 7, 5 besides 7, ¢ (Lemma 15.9).
By Theorem 4.15, Corollary 4.18 and Proposition 4.19 of [25], the composition
series of 7, s and w5 “look like” those of certain principal series for Sp(2, 1). In
particular, Table III then implies that 7, does occur in both 7, 5 and 7.
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