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THE EMBEDDINGS OF THE DISCRETE SERIES

IN THE PRINCIPAL SERIES FOR SEMISIMPLE LIE GROUPS

OF REAL RANK ONE
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M. WELLEDA BALDONI SILVA

Abstract. We consider the problem of finding all the "embeddings" of a discrete

series representation in the principal series in the case of a simple real Lie group G

of real rank one. More precisely, we solve the problem when G is Spin(2/i, 1),

SU(ri, 1), SpC/i, 1) or F4 (n > 2).

The problem is reduced to considering only discrete series representations with

trivial infinitesimal character, by means of tensoring with finite dimensional

representations.

Various other techniques are employed.

1. Introduction. Let G be a connected semisimple Lie group, with finite center. In

two basic papers ([3], [4]), Harish-Chandra gave an explicit parametrization of the

discrete series representations for such a group G and a way, in principle, for

computing the characters. In his work there is little, if any, indication of how the

discrete series can be realized: W. Schmid (Ph.D thesis, University of California,

Proc. Nat. Acad. Sei. U.S.A. 59 (1968), 56-59) proved, under suitable conditions,

an explicit formula for the restriction of a discrete series of G to a maximal

compact subgroup K (Blattner's conjecture). In a subsequent paper with H. Hecht

[6], he proved Blattner's conjecture under the further assumption that G is a linear

group. He also fully characterized discrete series representations by their restriction

to K (minimal ÄT-type theorem). The minimal AT-type theorem was proved almost

simultaneously by N. Wallach using the theory of Enright-Varadarajan modules

([19], [15]).
In this paper we use the existence of minimal AMypes to find all the possible

embeddings of a discrete series representation in a nonunitary principal series, if G

is Spin(2«, 1) (n > 2), SU(n, 1) (n > 2), Sp(«, 1) (n > 2), or the connected Lie

group F4 with Lie algebra/4(_20)-

Using G. Zuckerman's idea of tensoring with finite dimensional representations

[22], the problem is first reduced to the study of the discrete series with trivial

infinitesimal character. We also remark that if a discrete series is realized by a

principal series, then the "Af-type" of the principal series has to be in the minimal

Ä"-type of the discrete series.
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With this in mind, we compute the A/-type of the minimal Ä"-type, using the

branching theorems from K to M, set up by the author in [1]. The results obtained

in this direction together with some special results concerning F4, make it possible

to prove

Theorem 17.9. A discrete series representation is realized in a nonunitary principal

series with multiplicity at most one.

This, together with a formula ([14], [21]) which relates the character of a discrete

series to the character of a principal series, is used to prove that the number of

occurrences of a discrete series as a subquotient, but not as a quotient, is odd. We

solve completely the problem for the class of groups considered. In the case of

Sp(n, 1) (resp. F4), relative to a particular discrete series, we also use a result of [8]

(resp. [25]), together with A"-type considerations. The results for Spin(«, 1) and

SU(«, 1) were already known (see for example [24], [26]).

Finally, we would like to point out that the main results of this paper can be

found in the tables in §18. To obtain them, we also use explicit realizations of the

discrete series by A. Knapp and N. Wallach [10].

Much of this paper was contained in the author's doctoral thesis [1]. The author

wishes to thank her thesis advisor, Professor Nolan R. Wallach for his continuous

encouragement and help.

2. Preliminaries. The following notations will be in force throughout the paper.

We let G be a connected semisimple Lie group with finite center, and fix a Cartan

decomposition g = f © p of the Lie algebra.

Let Gc be a connected, simply connected complex Lie group with Lie algebra gc.

We assume that G is the real analytic subgroup of Gc corresponding to g and that

rank g = rank f.

Let t c f be a compact Cartan subalgebra for g. Let A be the set of roots of

(So rc) and let A¿ and A„ be the sets of compact and noncompact roots, respec-

tively. The Weyl groups of A and A^. are W and WK.

If P is a system of positive roots for A, we let Pk and P„ be the obvious sets of

positive roots. In terms of P we define

8/ « \   2    «.        S/-Í   2   «    and   SP = of + o„>\
«s?, »ef,

Let K and T be the analytic subgroups corresponding to f and t.

We need also to introduce notation for an Iwasawa Cartan.

Let a be a maximal abelian subalgebra of p. Form A, the set of restricted roots of

(g, o). Let m be the centralizer of a in f. Let i)~ c t be a Cartan subalgebra of m

and b = b~ © o. Then b is a Cartan subalgebra of g.

Let $ denote the root system of (gc, i)c) and <I>m c <t> be the root system of

(rrtc, i)c)-

Let <£>+ be a positive root for $ obtained by requiring that a comes before h~.

Form A+ the corresponding restricted positive root and let $>* = $m n <t>+. Let n

be the sum of the positive restricted root spaces. Then g = f © a © n is an

Iwasawa decomposition of g.
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Later we shall use the notation A and N for the analytic subgroups with Lie

algebras o and n, M for the centralizer of a in K, and p for half the sum of the

positive restricted roots, counted with multiplicities. We also set Sm =52ae4>+ a.

Let ( , ) denote the dual of the Killing form B of g restricted to b or t.

3. Harish-Chandra homomorphism. If b is a Cartan subalgebra of g, let £/(g) and

U(i)) denote the universal enveloping algebra of §c and bc respectively. Let 3 be the

center of t/(g). Then there exists a homomorphism y¿ of j onto ({/(b))"', the Weyl

group invariants of í/(b). Y¿ is called the Harish-Chandra homomorphism. If

A G bc> we denote by x\'- í -* C the homomorphism defined by Xx(Z) = a(yî;(Z)).

Xx is the infinitesimal character of the Verma module of highest weight A — 5^,+,

where 8^,* =|SaGi,+ a relative to some choice, ^+, of positive roots for the root ¥

of (flo lc)-
We recall the following properties:

(1) X\ = XV ** A = <*M> °" in tne Weyl group of ^.

(2) If b' is another Cartan of g and Ad(x): bc-»i)c Ior some jc G Gc, then

TV = Ad(x)y¿.

(3) If x: 5 -> C is a homomorphism, then there exist X G be such that X = Xv

4. Discrete series and principal series. Let M be the set of all equivalences classes

of irreducible finite dimensional representations of M.

If I G M we fix an element (|, //*) of f. For | e M and cGaJwe define the

principal series (tr( „, //*'') as follows:

(1) //i" is the space of all measurable functions,/: G -> H* so that:

(i)f(gman) = e"("+p)Iga|(w)~1/(g) (lg: /I -» a is the inverse to exp: a —»• A).

(ii) ÍK\\Ak)\\2 dk < 00.

(2) K.r(s>/X*) = /U-1*) for x, g S G.
Let 0£ „ be the character of (^ „, //*'*). Let A£ be the highest weight of £ relative

to <ï>+. For example, according to [5, p. 87], the infinitesimal character of the

nonunitary principal series irè „ is Xa«,»)' wriere M&, v) G (b~ © a)c is defined by

A(fc 1») = A4 + 5m + v.
Denote by LT the integral forms on tc. The elements of LT are precisely those

that lift to a character of T. We say that A G b* is regular if (A, a) =£ 0 for a G A.

Corresponding to each regular A G LT, Harish-Chandra has constructed certain

invariant eigendistributions 6A on G [3]. Two of these coincide precisely when their

parameters A are related by an element of the Weyl group of K. Each 0A is the

character of a discrete series representation and conversely [4].

We denote by {ttk, Ha) the discrete series with character 0A. The infinitesimal

character of irA is Xa-

5. Minimal AT-type theorem. Let (it, //) be a representation of G on the Hilbert

space (H, < , ». We say that (w, H) is K-îimtz if

(1) (,tt\k, K) is unitary,

(2) a AT-representation H = 2y(=¿ Hy (unitary direct sum) where Hy = myVy,

(wy, Vy) G y e K and my < 00.
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Let HF denote the set of the A"-finite vectors and let (n, HF) be the corre-

sponding g module.

If a discrete series representation is infinitesimally equivalent to an irreducible

component of a (nonunitary) principal series we say, simply, that it is an irreduc-

ible component.

Let AeLrbe regular and let (tx, Vx) be a A"-type of ita.

The following result is an immediate consequence of the Frobenius reciprocity

theorem.

Theorem 5.1. I/tta is an irreducible component of (m^v, H*"), then | is an M-type

Proof. By assumption, there exist V2 c Vv closed, 7r£(, invariant subspace of

Hiv, such that ("n^,, (Vx/ V2)F) is algebraically equivalent to (it^, HF).

By the compactness of A", we have that (vr^,, Vx/V2) is equivalent as a AT-repre-

sentation to (w{)„| , W) where W is a closed invariant subspace of //*■'. Vx/V2 is

infinitesimally equivalent to HA, forcing W to be infinitesimally equivalent to HA

as a A"-module. Hence tx is a A'-type of W.

Since nt„ as a A"-representation, is equivalent to the unitarily induced represen-

tation from £ to K, the theorem follows from the Frobenius reciprocity theorem.

6. Conjugate dual representation.

Lemma 6.1. There is a nondegenerate (continuous) sesquilinear pairing ( , ) between

Hiv and H*'* for each £ G M and v G ûc, so that iff G H** andf2 G # fe_? then

(*tA g)fv H-Á g)fi) = (/l. A)      ( « e <?)•

Proof. See e.g. [18, Lemma 3.1].

Definition 6.2. Let (w, H) be a representation of G on a Hilbert space H. We

denote by H* = {/: i/ -» C, / continuous and linear, such that/(ax) = af(x), for

a G C and x G //}. The conjugate dual representation (it*, H*) of (it, H) is

defined by

w*(g)X = X » 7r(g_1)    for X G #* and g G G.

Lemma 6.3. Let m be a K-finite representation on (H, ( , )). Assume that -rr is

unitarizable, i.e., there exist <( , ) an inner product on HF, so that (<n(X)v, h>> =

— <u, tt(X)wy,for X G g and v, w e HF, and that (it, Hf) is irreducible. Then it* is

infinitesimally equivalent to -n.

Proof. If / G (H*)F, then there exist S C K so that / ° Es = / (Es is the

projection of H, determined by S).

Let V be the completion of HF relative to < , ). Then, since ESV c HF and

dim ESV < oo, we see that/ extends to a continuous antilinear functional on V.

Let A(f) G F be defined by/(t>) = <t>,^(/)>. Now ^(^LÍ^K)-1 (_L is relative

to < , », thus A(f) G ESV c #F. We therefore have ^: (H*)F^>HF a linear

operator. Also if A(f) = 0, then/ = 0. Now

<v,ATT*(X)f> = (ir*(X)f)v = ->(*)» = -<^V,/I/) = (_v,tr(X)Afy.
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Thus Air*(X)f = ir(X)Af

Hence A : (it*, (H*)f) -» (it, Hf) is an injective intertwining operator. Since

(it, HF) is irreducible, A is also surjective.

Let A6 Lj.be regular and let £ G M, v G ctc.

Theorem 6.4. irA is an irreducible component of •ni „ iff irA is an irreducible

component of ■ni _-. More precisely:

(1) 7TA is a subspace (quotient) of miv iff -nA is a quotient (subspace) of-n(_-.

Proof. Let (, ) be the sesquilinear form of Lemma 6.1. Let A: Hi~v —» (H(,v)*

be defined by

/î-ÔJzT    forf2 G ff«-*.

Then (A^_-(g)f2)fx = (*t,(g)Af¿fi for g 6 G,fx G //«>' and/2 G H^\
Since A is a continuous bijection of í/í~" onto //i", then sr- _f is G-equivalent

to w£.

If V c #£" is a closed invariant subspace, define Vx = {x El H*'  " such that

(u, x) = 0 for all t> G F}. Then K1 is a closed invariant subspace of Hi'~". Now

let V2<z Vx <z Hi,v be closed and invariant subspaces.

Assume that Vx/V2 is infinitesimally equivalent to HA. Define <¡>:  VX/V2X

V^/V^-^Q by <i>(u, w) = (©, w), where c'E K,/K2 and ivG V2x/Vl±. It is

immediate to check that <£ is indeed well defined and it is a nondegenerate

continuous   (relative   to   the   obvious   topology)   sesquilinear   form.   Moreover

<Kw£>l,(g)tJ, wf _-(g)iv) = <Kû, >v). Hence

.  G equivalent

fe(^,/^)*)       S       i*^ Vf/Vf). (i)
Since /// is equivalent to ( F,/ F2)f, Lemma 6.3 says that (K,/ K^ is equivalent to

(VX/V2)F. Now apply (i) to get that wA is infinitesimally equivalent to a subquo-

tient of 7Tf _-. By duality the first assertion of the theorem is proved and (1) follows

immediately. We need the following results due to Langlands [12]. If X G A+ let

hx E û be defined by B(H, hK) = X(H) for H G a. We write Re v > 0 (< 0) if

(Re v, X) = (Re v, hx) > 0 (< 0) for X G A+.

Theorem 6.5. Let £ G M and v G ac íkc/j í/raí Re v > 0. 77ie« (ff,,, Hp") has a

unique irreducible quotient, which is not a discrete series.

Corollary 6.6. If v G a*, and Re v < 0, then (w£ „, Hp") has a unique irreducible

subspace, which is not a discrete series.

7. A necessary condition for the infinitesimal character. We now make the further

assumption that dim o = 1. For the moment we fix P, a positive root system for the

roots A of (gc, tc). Let 8 = 8P and let vs be the corresponding discrete series. Let

4> + , <!>+ be as in §2 and let a be the unique real positive root determined by 0+.

Lemma 7.1. If trs is an irreducible component of tr^ then v e a* and v =£ 0. More

precisely, ifirs is a subspace of -niv, then:

(1) A(£, v) = 8q where Q is positive for $ and contains í>* and a; in particular

v(ha) > 0.
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Proof. If ws is an irreducible component of 77-£„, then Xa«, ,) — Xs + • Hence

A(£, v) = A£ + 8m + v = a(ÓV) for some a G W(<¿). But a(8^)(ha) = *v(ha) and

hence v is real and different from zero, as asserted.

To prove (1) just observe that, by Langlands' theorem (6.5), if v(ha) < 0, then iriv

has a unique irreducible subspace, which is not a discrete series. Hence, (08^*, a)

= v(ha) > 0 and if ß G <ï>+, then (oóV> ß) = (Af + 6m, ß) > 0. Therefore aóV =

8q, with g as in the statement of the lemma.

Remark 7.2. In view of the previous results (duality Theorem 6.4 and Lemma

7.1) one can obtain all the embeddings of a discrete series with trivial infinitesimal

character in the nonunitary principal series, just knowing all the realizations of

such discrete series in principal series it(i, with v > 0.

8. Tensoring with finite dimensional representations. The main results of this

section, Theorem 8.5, use Zuckerman's technique of tensoring with finite dimen-

sional representation to show that one can obtain all the embeddings of the discrete

series just knowing the embeddings of the discrete series with trivial infinitesimal

character. We follow [23] in the terminology "chain" and "composition series". We

retain the notation of §2, we do not need dim a = 1. We fix for the rest of the

section A G LT regular and P = {a G A: (A, a) > 0}. We denote as usual by

(wA, HA) the discrete series representation associated to A, and by Xa its infinitesi-

mal character. Let ¡u G t£ be dominant integral relative to P, then A + ¡i corre-

sponds to the discrete series representation (wA+(l, HA+,i).

The following lemma is due to [22].

Lemma 8.1. (a) Let (it, F) be the irreducible finite dimensional representation of G

of lowest weight - [i, then (HP*11 ® F)Xa is equivalent to H£, where (HP+>1 ® F)Xa

is the image of the projection of HF+,L ® F according to its infinitesimal character

Xa-
(b) Assume that A — fi is regular and P dominant integral. Let (tt, F) be the

irreducible finite dimensional representation of G of highest weight ¡i. Then

(///"" ® F)Xa is equivalent to HF (i/A"'1 discrete series).

We will make repeated use of the following lemma.

Lemma 8.2. Let W be a g-module such that dim 3 • w < 00 for each w G W.

Let W = Wx D • • • D rVr+x = {0} be a chain such that Wj/WjJrX has infinitesi-

mal character \j- Let x = X and assume x ¥= Xj f°r ' ^J- Let (Wx)x = {v G W:

there exists k > 0, k G Z, so that (Z - x(Z))*u = 0 for Z G a}. 77ien (Wx)x =s

rVj/rVi+x as Q- module.

Proof. Let Px: Wx -> (Wx\ be the natural projection (W = 2X(E¿ (W)x).

(l)PxWj-0tOTJ>i.
Since Wr has infinitesimal character Xr> then P ( Wr) — 0. Assume P ( Wk)

= •• • = Pk(Wr) = 0 and prove that Px(Wk_x) = 0 if k - 1 >/.

Let 0 ¥= w G Wk and denote by w the class of w in Wk_,/ Wk. Assume Px(w) ¥=

0. Then i¡i#0. Let k G Z+ be minimal such that (Z — x(Z))V = 0 and set

w, = (Z — x(Z))*- 'w (Z G a). Then w, ^ 0 by the minimality of k.
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Let v = (Z — Xk- i(Z))wi> thus v G Wk and

(2) (Z - x(Z))v = 0.

If v = 0, then (Z — Xk-i(z))wi = (Z - x(z))w\- Since wx =£ 0, this last equality

would imply x = Xt-i- Thus v ¥= 0 and by the induction hypothesis Px(v) = 0

which contradicts (2). Therefore (1) is true.

(3)Px(^.)-=PX(WX).
We have the exact sequence of g-modules: 0 —» Wi —» Wi_x^W¡_x/Wí^>0 and

hence 0^>(Wi)x^>(Wi_x)x^(Wi_x/Wi)x^0 is exact. But (Wi_x/W,)x = 0

since W¡_x/W¡ has infinitesimal character x¡-i ^ X- (3) follows by induction.

Using (1) and (3) we have

wfi(wx)x^o
and ker Px D Wi+X. We only need to prove that Wi + X d ker />x. On the other

hand, ^ = (W,)x © Zj+tiW^ and ^+1 = 2^,.(^+.V

0 -» (Wi+,)* - ( W^ - ( WJ W^^Q

is exact and (WJ fF/+1)% = 0 for j ^ i; hence (fF, + 1)^ = (W,)^. Now let »6 ^.

so that Px(v) = 0; then v G S^-í JFjL = Wl+Í. The proof is now complete.

Let £ G M and (£, Hè) G £. If v G a£ let (£ ® v, //£) be the M/lAf representation

defined by £ ® v(man)(v) = e{"+p)X8a£(m)v, for man G MAN, and t) G 7/£. Let

(w, F) be a finite dimensional representation of G and let A£ be the highest weight

of £ relative to <E>+.

Lemma 8.3. Hi <8> F has a composition series given by AT£ ® F = Fx D • • • D Fs

D {0}. FJFi+X is the irreducible MAN module £, <8> ?„ w/iere £, ® v¡ has a highest

weight A£ + v + p + (weight of F), relative to 3>*.

Proof. Let n+ = 2ae4>+ ga, ga the root space. Then n+ n g = rt. Let ¡xx, . . . , ¡id

be the weights of F in increasing order and repeated according to their multiplici-

ties. Let /,,... ,fd be the corresponding eigenvectors and u£ the highest weight

vector for A£. Set w, = ü£ <8>/ and F¡ = 2y>( U(b)upj = 1, . . ., d and b = m © o

©n.

We have ü£ ® / G F„ Vz, and ( i/„(b)t>£) <8> / G F, by induction on n

({Un(b)}n>0 canonical filtration of ¡7(b)); hence Hi ® F = Fx. By the choice of

3> + , £ <8> v ® ir(x\)F¡ c Fj+X, thus {Fj}f_, are n modules. Also, root vectors corre-

sponding to <E>* carry F¡ into Fi+X and hence {Fi}dj=x are b modules. It is now clear

that if FjFi+x ¥= 0, then MAN acts irreducibly on FJ Fi+X in the way described.

Lemma 8.4. Let £ <S> v be an irreducible finite dimensional representation of MAN

on H* and let (it, F) be a finite dimensional representation of G. If £ <8> v ® ^\man

has a composition series Hi ® F = F, D • • • Df>D0 with irreducible quotients

(£, <8> Vj, F¡/Fj+X) then 7r£„ ® 77 has a corresponding chain, where the respective

quotients are infinitesimally equivalent to Vt¿ (1 < i < k).

Proof. See [10, Proposition 10.6].

We now go back to the situation dim a = 1.

Let í>+ be defined as in §2 and let a be the real positive root determined by i> + .
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Let Ad(x): tc —> bc Ior * G Gc.

Let £ G M and (£, H() G £. Let v G ac.

Theorem 8.5. (a) Let ij. = A — 8P and F_¡í be the irreducible G module of lowest

weight — ft. If tta is an irreducible component of w£ , then trs is an irreducible

component of w£_¿ _,,_£ , where — ß is the lowest weight of F_li, relative to a

particular Weyl chamber.

(b) Let y = A — 8P and Fy be the irreducible G module of highest weight y. If irs

is   an   irreducible   component   of 7r£„,   then   -nA   is   an   irreducible   component   of

"í+y -,r+ya> where y is the highest weight of Fy, relative to a particular  Weyl

chamber.

Proof. We first prove (a). Let V2 C Vx c //£" be closed invariant subspaces so

that Vx/V2 is infinitesimally equivalent to HA. Lemma 8.1 says that

(HF ® F-¡j)Xh_ is g-equivalent to HSf. On the line of Lemma 7.1, it is very easy to

see that v is real and different from zero. Thus by the duality theorem we may

assume that v(ha) > 0. By assumption Xa(£, v) = Xa> hence

A(£, v) = A( + v + 8m = o(A° Ad(x)"1)    for some o G W(<&). (1)

Let Px = a ° P Ad(x)-1, then the regularity of A says that A(£, v) is dominant

and regular relative to Px.

Let ß = o ° ¡i ° Aá(x)~ ', then — /I is the lowest weight of F_¡1 relative to Px.

(2) A(£, v) — ß is dominant integral and regular relative to Px.

Indeed, A(£, v) — ß = o(A — /x) ° Ad(x)-1 = 8P.

Xa-h = Xa(í,<-)-m- (■*)

Indeed

XA_,(Z) = (A - /i)(Yt(Z)) = (A - M)Ad(x)-1(Y()(Z))

= o(A - fi) o Ad(xy\yX)(Z)) = (A(£, v) - A)(V6(Z)) = Xms.»-H-

(4)   Hip <8> F_¡í   has   a   chain   by   quotients   infinitesimally   equivalent   to

"■f+ftt-^+ftl.' where Mo = - ß> Mi» • • • » Wk are weights of F_M on be-

Since 7T£ + (;l0| _,„+)J |  is in the chain for Hiv 9 F_M (apply (2) and Lemma 8.4), we

get the result combining Lemmas 8.3 and 8.4.

(Hy 9 F.,)^ - (Hy 9 F)Xa(£0_. - H*--*-*-*-. (5)

If we prove that Xa«,i.)+m, = Xa(í,,)+mo iff » = °> then the multiplicity of jUq being

one, together with Lemma 8.2, will give (5).

Xa«, r)+«  = XA(í,i.) + MoÍff:

(i) i(A(£, v) + /Xq) = A(£, v) + Hi for some s G IF(Í>). But A(£, v) + jhq is F,

dominant integral by (2), thus s(A(£, p) + jliq) = A(£, v) + (Iq - 2a,a,, a, > 0 and

a, G F,, (i) becomes /i.0 — 2a,a, = /x, which forces a¡ = 0, and hence /x0 = u, as

asserted.

(6) We have the following g-equivalences

Hfr - (HA 9 FA      « (WrJr ® ^-,)xA-/
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By assumption the last term is a subquotient of (Hp" 9 F_J ; apply (5) to get

the result.

We now prove (b).

We may assume, as before, that v(ha) > 0. Let V2 c Vx c H(" so that Vx/ V2 is

infinitesimally equivalent to HSp. By assumption Xa« »> = Xs > hence

A(£, v) = A£ + v + 8m = a(8P ° Ad(x)"1)    for some a G W(<ï>).        (V)

Let F, = a ° P ° Ad(x)"1 (note Px D a and $+), then the regularity of 8P says

that A(£, v) is dominant and regular relative to Px. Let y = a ° y ° Ad(x)-1, then y

is the highest weight of Fy relative to F,. Since A(£, p) + y = a(8P + y) ° Ad(x)-1

it is clear that

(2') A(£, v) + y is dominant integral and regular relative to F,.

Xa(£,>o + y = Xsp + y (3 )

Indeed, by (1'),

XA(i,,)+r(Z) = (A(£, v) + y)(Yi(Z))

= a(8P + y) ° Ad(x)-1(yt)(Z)) = a(8P + y)yt(Z) = x^CZ).

Combining Lemmas 8.3 and 8.4 we have

(4') Hi,v 9 Fy has a chain by quotients infinitesimally equivalent to w£+Y -,r+y. >

where y, = y, y2, . . . , yk are weights of Fy on bc.

In view of (3'),

(//¿•- ® Fy\      =(H^ 9 FY)v        ., (5')

xa(î,v)+y,. = xA(í,,)+y  iff y¡ = y- (6')

Indeed, Xa«,,)+y, = Xa(í,,)+í implies

A(£, v) + y¡ = j(A(£, v) + y)    for some s G w(<í>).

But A(£, v) + y is dominant relative to F,, thus, i(A(£, p) + f) = A(£, v) + y —

2//CÍ,, r, > 0 and a, G F,. But then y, = y — Sr,«,. This implies r¡ = 0 since y is

the highest weight. Thus y, = y as asserted and (6') follows.

(7') The multiplicity of y being one, together with Lemma 8.2 gives

(H*-* 9 FXp+y = tf«+V'+V.

Since HA is infinitesimally equivalent to (HSf 9 Fy) + , then (7') gives the

result.

Remark 8.6. In the previous theorem, it is implicit that the realizations of the

discrete series tta and trs correspond. That is to say, if trs is a subspace (quotient),

then 7TA is a subspace (quotient).

Let us assume that tts is a subspace or a quotient of w£„. Then ita is a subspace

or a quotient of w£ . The computation of A(£„ ?,) is contained in the proof of the

theorem, but we explicitly point it out.

A(£, v) = 8P for some F positive containing a and <&,£ (cf. Lemma 7.1). Let A be

equal to A computed relative to P. Then y = A — 8P and A(£„ vx) = A(£, v) + y.

Thus all we need are explicit tables for the embeddings of the various its 's. We will

give them in §18.
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9. Character identities. Let the assumption be as in §2. Let y be a noncompact

root, positive relative to some system of positive roots for A. Choose the root

vectors Xy, X_y so that Xy + X_y G p and let o = R^ + X_y). Let uy =

exp <n(Xy — X_y)/4, then the Cayley transform Ad uy: tc —* (b~ + a)c. Also $ =

A » Ad u~l and <i>m = {a ° Ad u~l: (a, y) = 0}. Let <ï>+ be a system of positive

roots for 4> defined as in §2. Fix $* and A+ consistently. Let P = <ï>+ ° Ad uy,

then P is positive for A and y G F. Let a = y ° Ad u~\ then a is the unique real

root determined by 4>+. We fix rEtJa regular and dominant integral form

relative to P. Let aTG be the irreducible finite dimensional representation of G of

highest weight t - 8P, relative to P.

Set Wx = {co G W(<ï>): w"1/? > 0 for each ß G <í>¿ or ß = a). Let A =

t ° Ad Uy~x. If w G W„ let <ju be the irreducible finite dimensional representation

of M of highest weight toA^- — 8m, relative to 4>*, and let va be the element of a*

defined by vu(H) = uA(H). Consider {w  , r }wSW^. Notice that

(1) (yw, a) = (wA, a) = (A, w-la) > 0 by regularity of A, i.e. vu > 0.

W ^„>"„ = Xr-
Indeed

X,„,,„(2) = («A|,- -fim + 5m + vj (yr +Q(Z))

= «A(yr+a(Z)) = A(yr+a(Z))r(yt(Z)) = x,,    for Z G j.

The following theorem is due to [14] and [21]. For a direct proof see also [1].

Theorem 9.1.

(-1)'    2     eJT = x(aTG)-   2   det(U)ev, (3)
sefv/wk o>ew¡

(®ST is the character of the discrete series "nor, q = \ dim G/K and x(af) *• //ie

character of aTG.)

Remark 9.2. It is immediate that the sum of the right-hand side of (3) contains

the characters of all the principal series with a parameter real and for which (1) and

(2) are true.

Let Gd denote the set of the discrete series of G.

Corollary 9.3. Let G = SU(/i, 1), Spin(2«, 1), Sp(«, 1) or F4. // w G Gd then

there are an odd number of subquotients of u in {w£ „}£eAj „ real (Frx)>0-

Proof. From the argument of tensoring with finite dimensional representation of

§8, we may assume that xu = 0 (x« infinitesimal character of «). If 17 G Gd, write

0^ for its character. We can rewrite (3) as

(-\y s e,-i + ¿ **2
n£Gd '-1

X„ = 0

where e, = ±1, £, G M, v¡ real, v¡ > 0, £„ v¡ all distinct.
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On the other hand the characters of inequivalent irreducible representations are

linearly independent and a nontrivial unitary representation of a simple noncom-

pact group is infinite dimensonal (cf. [20,1, ex. 4]). Hence

n

0,, = 2  e/m/®7)'    where m¡ = 1 if 17 is a subquotient of ir^p¡ (4)

(cf. Theorem 17.9 for the fact that m¡ = 1) and m¡ = 0 if tj is not a subquotient of

By Remark 9.2, 2w, gives the total number of subquotients, hence (4) forces

1 = 27=i e¡m¡ = 2¿=i m¡ mod 2. Thus "Zm¡ = 1 mod 2, as asserted.

10. Branching theorem.

10.1. From now on we will assume that dim a = 1 and that G ^ Sl(2, R).

Then G is up to isomorphism one of the following groups:

(1) Spin(2n, 1), n > 2,

(2) SU(«, 1), n > 2,

(3) Sp(«, 1), n > 2,

(4) F4 the analytic group corresponding to the real form g = f^-2(S) of gc = /4,

with character — 20.

The restrictions on the indices are set in order to avoid overlapping, since

so(2, 1) cz. sl(2, R) ~ su(l, 1) and so(4, 1) ^ sp(l, 1). The Cartan involution is de-

noted by 9 and bar denotes conjugation of gc with respect to g. Then X —» OX is

the conjugation of gc with respect to the compact form f © ip.

We shall need to make computation with root vectors, and we fix a normaliza-

tion of them. Namely by [7] we can select root vectors Xa in such a way that

B(Xa, X_a) = 2/(a, a) and 9Xa = - Xa. Then it follows that Ha defined by

Ha = lxa> X-J satisfies a(Ha) = 2 and that Xa + X_a, i(Xa - X_a) are in g if a

is noncompact; Xa — X_a, i(Xa + X_a) are in g if a is compact.

If U is a compact connected Lie group and B a maximal torus of U, denote by b

and u the Lie algebras of B and U, respectively. Then b = 3U © b, where ¡u is the

center of u and b, is a Cartan subalgebra of [u, u].

It is well known [17] that U, the set of all equivalence classes of irreducible finite

dimensional (complex) representations of U, is in bijective correspondence with

Dy = {X linear form on bc such that (1) X^^) c 2<ni7j for Vv = {X E. b: exp X =

e}; (2) X|      is dominant integral relative to some choice of positive roots}.

If X G Dy we denote by (vx, Vx) the U representation parametrized by X. If H is

a compact connected subgroup of U and 5 c B is a maximal torus, then for

X G Dy, ¡i G DH we define mx(n) to be the multiplicity with which the finite

dimensional (complex) representation of H, m^, appears in wA, .

We now go back to our situation; we retain the notation of §2. Fix A+ a system

of positive roots for A and let A¿" = A^ n A+. Let X be a positive noncompact root.

Then a = R(X\ + X_x) is a maximal abelian subalgebra of p. Let b~ = ^ilfa,

where a G A and (a, X) = 0. The standard Cayley transform relative to X is Ad(ux),

where ux = exp((-?r/4)(Xx - X_x)).
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Then Aà(ux) carries tc to be an<i hence $ = A° Ad(«x)_1. In particular the

roots of $m are of the form y = ß ° Ad(t/X)_1, with j5£A and ß orthogonal to X.

If (a„ . . . , am) are simple for A+, denote by {ßx, . . . , ßm) the roots of 4> defined

by A = a,, o Ad(uxy\ Setä,. = ß ° Ad(ux)^1 = a,u_.

In what follows, we will fix for each group of type (l)-(4) a system of positive

roots <ï>+ for i> and the real root a for 4>+. 3>+ and A+ will be defined consistently

as in §2. The notion of dominance for A" and M will be relative to Ak and 0+.

The following branching theorems are proved in [1]. They are obtained using

results of [13] and classical branching theorems.

10.2. Let G = Spin(2/i, 1), then g = so(2n, 1).

Let

f={(^     J),ieso(2«)j    and

t =
0        A

-A'     0

0J
G so(2n, 1) where A is an n X n diagonal matrix

We take the simple roots of A+, labelled as follows:

A+:   -
"2

°  ,    with otj = Bj - ej+x, 1 < j < n - 1,

and an = e„ as in Bourbaki [2]. Then

K-- '

an-l  +2an

We take X = «„, then a = R(AT   + X_   ). Fix

<J>+:   °
71 Yn-1 Y„

with

y,= -ßx-ß„_x,

y¡ = ßi-i>   2 < i < n - l,

yn - ßn-l + A-

Define ê, in terms of the dual basis X, of the y,'s,

m-A
then y, = e¡ — ëi+x, 1 < / < n — 1, y„ = in. Also

O-O       ... o      ^zp     O

Y2 Y3 Y«-i y„
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or in terms of the a,'s,

d>+ •      o o     ^ o
m ' ... .

«i «„-2        ä„_, + ä„

The real root a for $+   is a = y, + • • • +yn = e¡.  Since A" ==; Spin(2n) and

M =¿ Spin(2n - 1) we have

dk = U = 2  «,«,; ax> ■ ■■  > an_x> \a„\ > 0,

a¡ — üj, G Z and 2a, G Z for i,j = 1, . . . , n

t n-\

Dm- U- 2 ¿w*i > • • • >h-x >o,

6, - è, e Z and 26,. e Z for i,y - 1,..., n - 1 1.

Theorem 10.3. (Notation as in 10.2.) Let X = 2"_! a,e,. G Z)^ a«J ju = 2"~,' b,e¡

G D^. Then mx((i) = 0 or 1.

7/ a,- - bj & Z, /Äe« mx(n) = 0. 7/ a, - b} G Z, i/iew mx(fi) =1 iff ax > bx

> ■ ■ ■  > an_x > b„_x > \an\.

10.4. Let G = Su(n, 1), « > 2, then g = su(«, 1). Let

!= {(o     rf),y< e"(n)'d G "(l)andtry4 + ¿=o},

then ï ¡as su(n) X R.

Let t be the diagonal matrices in su(n, 1). We take the simple roots of A+

labelled as follows:

-° ,    with a, = e, — e, + 1, !</</>,
<»i «2 «n-i «n

as in Bourbaki [2]. Then

A¿:   »

We take X = e, - e„+x and a = R(XX + X_x). Fix

<ï>+ :   »   • • •   °      with y, = /?,., 1 < i < n.

Define ê, in terms of the dual basis X, of the a,'s, then y,. = e¡ — êH

$+ •    o    . . .     o
m *

T2 ï„-l

or in terms of the a,'s,

<í> + •      o     .   .   .       o
m '

«2 ^,-1
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The real root a for <1>+ is a = y, + • • • + yn = e, — e„+1. We have

i+i

dk =    X = 2   <W ax> ■ • ■  > an,a¡ EZ,\ < i <n + l
/=!

Dt,= \n = b0(ex + en + x) + 2   bft, h > • • •  > 6.,

260 G Z, o, G Z for i = 2, . . . , n \.

Theorem   10.5.   (Notation   as   in   10.4.)   Let   X = 2"!,1 a,e, G DK   and  ¡i =

Lei   ¿7,. eZfe   ¿ejùio/  by   2?_, 6, = 2?_, fl,.   F/ie«   /nx(/i) =1   iff ax > b2

> ■ ■ ■  > bn > an and b0 = (bx + an+x)/2. Otherwise wx(/i.) = 0.

10.6. Let G = Sp(n, 1), n > 2, then g = sp(n, 1). Let

í =

-C 0 DO

0 t 0     s

-D 0 C     0

0 -s 0     t

C, D complex n X n matrices C G u(n),

D symmetric, / G u(\) and j G C

Let t be the set of the diagonal matrices in g. We take the simple roots of A+ to be

given by

A+:   °   ■ • •    o ^   o

a 1 an an+\

in Bourbaki [2]. Then

with a, = e, — ei+1, 1 </'<«, and an + x = 2en+1

At:   o

«»-I        2a„ + a„+,  «/i+l

We take X = e, - e„+1 and a = R(XX + X_x). Fix

<|>+ ;      o      ...      o    ^=     o

Yl y„      y«+i

where

y, = /3,+ • • • +/3„+1,       y2= -/32

y„+i = 2Al + Al+l'

-&♦!,

Define ê, in terms of the dual basis X¡ of the y,'s; then y,- = ê, — ii + x, 1 </'<«,

andy„+l = 2è„ + 1.

d)+ •    o      o
m '

Yl       Y3 Y„ Yn + I

or in terms of the a/s,

<|)+ •      o      ...        o     ^= o o

ä2 ötn-\        2äM + aM+|   ä| + - • •  + <*„ + <*„.,
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The real root a for 5>+ is a = y, + 2y2 + • • •  +2y„ + yn+1 = ëx + e2. We have

dk =    X = 2   «<«/> ax> ■ ■ ■  > an > 0, an + x > 0, a, G Z, 1 </'<«+ 1 1.

Dm-\P= ¿>o(<m + <Wi) + 2   bfy, b2> ■ ■ ■  >bn>0,

260 G Z+ and b¡ G Z, i = 2, . . . , n   .

Theorem   10.7.   (Notation   as   in   10.6.)   Let   X = 2" + ," a,e, G D^   a/i¿  /u. =

¿o(e, + *„ + i) + 2^2è,e,. G F>M. De/iVie

/l, = ax — max(a2, b2),

A2 = min(a2, b2) — max(a3, b3),

An_x = min(a„_„ bn_x) - max(a„, bn),

An = min(a„, bn).

Then mx(fi) = 0 unless:

(l)a¡ > bi+x,i = 1, . . . , n - 1,

(2) b¡ > a¡+„ i = 2, . . . , n — 1, and

(3) b0 = (an+x + bx - 2j)/2 for some j = 0, . . . , min(an+„ bx),

where 6, satisfies bx G Z+ and 2"=1(a, + o,) G 2Z. If these conditions hold then:

mx(ii) = 26lJsritfi,ôw(3) wx(/i) w/iere

^A(M) = (-l)WI'" - 2- W +ï(-*i + 2H) - 2,ei.V
¿c{i.n} V n - 2

(|L| ¿s i/ze cardinality of L and Ç) is defined to be = 0 if x — y E Z+).

10.8. Let G = F4, then g = f^2(S), f = so(9) and K = Spin(9). Let

A+:   - -o    =>   o-o

ai <*2 a3 a4

be a choice of simple roots for A+. Define e,, e2, e3, e4 in terms of the dual basis of

the a,'s (cf. Bourbaki [2]). Then a, = e2 — e3, a2 = e3 — e4, a3 = e4, a4 =

j(ex — e2 — e3 — e4). We have

+
A        : o-o-o =r > o

a +2a +2a,    a a a
2       3       4       1 2 3

We choose X = a4 so that a = R(Ara< + X _a) and m = so(7). Fix

+
$ : O-n Vi-o

Y. Y2 Y3 Y4
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with y, = ß2, y2 = ßx, y3 = ß2 + 2ß3 + ß4 and y4 = - (ßx + 2ß2 + 3ß3 + ß4).

Define «Ç in terms of the dual basis of the y,'s, then y, = ë2 — e3, y2 = e3 — e4,

y3 = e4 and y4 = {-(ex - 12 - ë3 - ë4).

:>o

or in terms of the a,'s,

+
i
m

>o

a2+2a3+a4

Let Kx be the subgroup of K isomorphic to Spin(8) so that a system of positive

roots for ï, ^ so(8) is given in the following way:

(fl)i'c
a +2a +2a,

2       3       4

Define an automorphism <f> of (i,)c which preserves the roots and such that

m, = <j>(mc) is standard in <K(f i)c)> i-e-

0   : tllp : o- >o ->   ml    :   o- :> o

a. a+2a +a.
1 2       3     4

a +2a+2a.      a1
2        3       4 1

a2+a3

It is clear that <i> must be defined in the following way:

<r»(«i) -i(«i + e2 + «3 - <*)>        «r>(e2) = í(«i + e2 - e3 + e4).

«H*}) = U£l  -  £2 +  «3 + £4). <r>(e4)  = l(~el  +  S2 + £3 + O-

We have

dk =    x = 2   «,e,; «i > • • •  > a4 > 0, 2a,. G Z, a,. - ay G Z, 1 < z",y < 4 L

/>jc, =     M = 2  bfy; bx>b2>b3> \b4\, bt - bj E Z, 26,. G Z, i = 1, . . ., 4 I.

D^(M) =    Y = 2  ?,e,; «i > Qi > 13 > o. 2<¡i G z> ?, - %• G Z |.

We use the vector notation (ax, . . . , an) = 2ïa,e,. for a, G C.



EMBEDDINGS OF THE DISCRETE SERIES 319

Theorem 10.9. (Notation as in 10.8.) Let X = 2¿=1a,e, G DK; then

»M* = 2 2 ','*
(<7i> ■ ■ ■ ■ q"4) = <t>(q„ . . . , <74)        Y = (6|. *2. bi)eDnM->

(qh...,q4)eDK¡ q\>b> ■■ ■   >q'3>b,>\q'4\

a¡>q¡> ■ • ■   >a4>|<74| ú-bj&Z

ai-qj&Z.

11. Classification of positive systems of compact roots.

11.1. We are now in a position to use the general results of §§1-9 in order to

solve our problem. As a consequence of Theorem 8.5 and Remark 8.6 we have seen

that we only need to consider discrete series representations with trivial infinitesi-

mal character. The first step will be to give a complete parametrizations of such

discrete series. As second step we find the M-types of the minimal A-types of these

discrete series. In view of Theorem 5.1 this will determine the M -parameter of the

principal series where such discrete series may occur. The equation of the infinitesi-

mal character (Lemma 7.1(1)) will exclude some of these possibilities. Finally we

will use Corollary 9.3 and Lemma 16.6 to solve the problem in most cases.

For the remaining cases we will have to use other A-type arguments to get the

results (see §17). The whole of these results are contained in the tables at the end.

We retain the notation of §10. If ß G A, we denote by sß the reflection by ß. The

following result is an immediate consequence of [3].

Lemma 11.2. Let Px, . . ., Pn be all the distinct systems of positive roots for A

containing A^ (i.e. F, C\ Ak = Ak). Let

be  the corresponding discrete series.   Then  if a is a discrete series with  trivial

infinitesimal character, to is equivalent to irs  for some i.

In view of the previous lemma a complete parametrization of the discrete series

with trivial infinitesimal character is given, once we know all the systems F,'s.

We will exhibit them by a case by case argument. First we need the following

well-known result:

Lemma 11.3. Let A = {F c A, F positive for A so that P n Ak = A¿"}. Then

\A\ = l^l/l^l (| | = cardinality).

11.4. G = Spin(2/i, 1). Let Bx = A+ and define B2 = s%Bx.

Lemma 11.5. The systems of positive roots containing Ak are precisely Bx and B2.

Proof. Bx and B2 are distinct. The simple roots of B2 are a,, . . . , an_2,

£„_! + e„, -£„. Since a„_, = e„_, + e„ + 2(— e„) is in B2, it is clear that A¿" c B2.

On the other hand, there are exactly two such systems, thus the lemma.

11.6. G = SU(«, 1). We also use the notation A+: ex > ■ ■ ■ > en+x for the

fundamental Weyl chamber associated to A+. We define A¡, 0 < i < n, a system of

positive roots for A, as follows:

An = A+    and   y/ = ou,      j = 1, . . . , n.
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Suppose Ai and yj have been defined. Then if 0 < i — 1, define A¡_x = syA¡ and

Lemma 11.7. (1) The systems A¡ are all distinct.

(2) If Q is positive and contains A¿", then Q = A¡ for some i.

Proof. (1'). yj = <*,-+•■• + an, I < i < n.

Suppose yk = ak + ■ ■ ■ +an for i < k < n, then yjzj = sy/YJ-i =

SyiSyi*! . . . sy«y"_x = Sy/df^i " ol¡_, 4" • • • + an. Since yn" = an, the induction argu-

ment applies and (1') is true.

(2') A¡: e, > • • •  > e,> en+1 > e, + 1 > • • •   > t„, that is

A.      :       o

a a. e.-e    , e    ,-e.  ,      a.,, a
1 i-l i     n+1 n+1     l+l l+l n-1

For / = n, (2') is true. Suppose we have proved it for / < k < n, then by (1')

A¡_x = s A¡. But s , interchanges e, and en+1, hence (2') follows. Lemma

11.3 says that there are exactly (n + l)!/n!= (n + 1) systems of positive roots

containing A¿" ; this, together with (2') gives the result.

11.8. G = Sp(«, 1). For 0 < i < n, we define n + 1 systems of positive roots as

follows:

C„ = A+    and    y/ = a,.,       i - 1.n + 1.

Suppose C, has been defined with simple roots yj, then if / — 1 > 0, define

c,_, = íy/C< and Y;"1 = iY/y/-

Lemma 11.9. FAe C,'s are a// distinct and they exhaust all the systems of positive

roots containing A¿".

Proof. (1) C¡: e, > • • •  > e¡ > en+x > ei+x > ■ ■ ■  > e„ > 0; that is

C.      : o   .   o—.-o-o-o   .    o ^ ~o

a, a.   , e.-e    ,        e    ,-e.        a.  , a    , ¿e
1 í-l i     n+1 n+1     l+l       í+l n-1 n

As in Lemma 2.2, y,' = a¡ + ■ ■ ■ + a„, I < i < n; thus (1). Clearly, the C,'s are all

distinct, and C, contains A^": e, > • ••  > en > 0, en+x > 0. Since there are (n + 1)

positive systems containing A^, the lemma follows.

11.10. G = F4. Define

F3 = A+,

o-" ->o-o

F2 = s«Fy        a1 a2 «3+a4 -a^

p   — F ■ °-° =>°-°
1      S03+«4  2- a a„+2a^+2a,       -a -a, a.

1 2       3       4 3    4 3
Thus it is clear:

Lemma 11.11. The systems of positive roots containing A¿" are Fx, F2, F-
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11.12. We now compute the 25,,'s relative to the particular systems of positive

roots just introduced. We use the convention 2* = 0 if b < a, a, b E Z.

11.13. Spin(2«, 1).

Lemma 11.14. 25/' = 2;_,e/ and 2S/2 = S"",1^ - e„.

Proof. Following Bourbaki [2]:

n- 1

2Sk =2  2(« - j)*¡>
J-i

28B¡ - 2 (2« - V + \)ej,     and
7= 1

n-\

28B2 = j 2fiBi =  2 (2« - 2/ + l)e, - e„.
y-i

The identities then follow.

11.15. SU(/i, 1).

Lemma 11.16. 25^' = 2y=1e, - 2;=1+1e, + (n - 2i)en+x, 0 < i < n.

Proof. Following Bourbaki [2]:

28, = 28* = 2 (« - 1 - 2/ + 2)e, - 2 (" " 2/ + 0«,
7=1 7=1

2SA, - 2 (» - 2/ + 2)e, +    2   (" - 2y)e,. + (« - 2/)£„+1 (1)
7=1 7=1+1

for 0 < /' < «.

Suppose (1) is true for / + 1, then

25., = s.   _.   25.
■^ Ç+I      *n+l        -"f+l

= *♦.-*♦.( 2 (" - 2/ + 2)6, +    2   (» - 2/)e, + (« - 2(i + l))e„+1)
\7=i y-«+2 /

- 2 (» - V + 2h + (» - 2(i + O + 2)e„+1
y-i

+    2    (« - 2/)e, + (/i - 2(i + l))e,+ 1
7 = ,' + 2

/" n

- 2 (« - 2/ + 2)e, +    2    (« - 2y->7 + (« - 2i)cB+I.
7=1 7=1+1

Since the formula is true for i = n, the induction argument applies to prove (1).
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Hence

25/' = 25^ - 25, = 2 (« - V + 2h

+    2   (" - V)*j + (n - 2i)en+x - 2 (n - 2/ + l)ey
7=1+1 7-1

i n

= 2 e, -    2    «y + (" - 2i)en+i-
j-\ j-i+l

11.17. Sp(«, 1).

Lemma 11.18. 25„q = 2},, 2e,. + 2(n - i)en+xfor i = 0, . . . , n.

Proof. In this case

25, = 25,**+ = 2  2(n -j + l)e, + 2en+x,
y=i

25Ci =2  2(n + l-j+ \)ej +    ¿    2(« + 1 -j)gj + 2(n + 1 - /)e„+1     (1)
7=1 7=1+1

for 0 < i < n.

Suppose (1) is true for / + 1, then

2«ç = V,-^,2^+1

■VrJs 2(n+l-/+l)e,+    2    2(if+l-/)ey + 2(/i-/K+1)
\j-l J=i+2 )

= ¿   2(» + 1 -j+ l)e, + 2(n + 1 - i)en + x
J-i

n

+   2     2(n + l - j)£j + 2(n - i)ei+x
7 = 1 + 2

= 2  2(n + 1 -j + l)e, +    2    2(» + 1 -y)e, + 2(n + 1 - /)£„+1.
7=1 7=1+1

Since the formula is true for / = n, apply induction to get (1). Thus

25„c< = 25c¡ - 25, = 2   2«, + 2(n - i)e„+x.

11.19. F4.

Lemma 11.20. 25/' = 2e, + 2e2 + 2e3, 25/2 = 3e, + e2 + e3 + e4, 25/'3 = 4e,.

Proof. 25, = 2j_,(2 • 4 - 2/ + l)e, = 7e, + 5e2 + 3e3 + e4 and following [2]:

28F¡ = 16a, -I- 30(a2 + 2a3 + 2a4) - 42(a3 + a4) + 22a3

= 16a, + 30a2 + 40a3 + 18a4

= 16(e2 - 63) + 30(e3 - e4) + 40e4 + 9(e, - e2 - e3 - £4)

= 9e, + 7e2 + 5e3 + e4,
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28Fi = 16a, + 30a2 + 42(a3 + a4) - 22a4 = 16a, + 30a2 + 42a3 + 20a4

= 16(e2 - e3) + 30(e3 - e4) + 42e4 + 10(e, - e2 - e3 - e4)

= 10e, + 6e2 + 4e3 + 2e4,

25F = lie, + 5e2 + 3e3 + e4.

The result follows.

12. Computation of M-types for t2S .

12.1. If F is a system of positive roots for A containing A¿ , let us denote by t2Sp

the A"-module of highest weight 25/. Then t2Sp is the minimal A"-type of the

discrete series tts ([15], [19]). We are now ready to compute the M-types for the

minimal A"-types of the discrete series we are studying.

Theorem 12.2. Let G = Spin(2«, 1), n > 2. t2í«, and t2Sb2 are both irreducible as

M-representations and they are equivalent to it , where ¡ix = 2"r,'e,..

Proof. 25/' = 2"_,e,. We need to find all the (n - l)-tuples (bx, . . ., b„_x) E

Z"_1 satisfying:

(i) b¡ - bj E Z, 26, G Z and bx > ■ • ■  > b„_x > 0,

(ii)a, >bx> ■ ■ ■  >bn_x> \an\,

(iii) a, - bj G Z,

where a, = • • ■ = an = 1.

If (bx, . . . , bn_x) E Z"_1 and satisfies (ii), then bx = ■ ■ ■ = bn_x = 1 and hence

all the other conditions are, a fortiori, satisfied. The result follows from Theorem

10.3. The same proof applies to 25/2 since the absolute value of the coefficient of e„

is still 1.

Theorem 12.3. Let G = SU(«, 1), n > 2. The M-types of t2Sa, (0 < I < n) are tt^,

0 < i < n — 1, tt,l, \ < i < n — 1, and w,,, 1 < i < « where'      M2 ^3

n — 2i — 1
Mi = 2

(£, + £j+Sr 2  «7,    o</<»-i,    (i)
7=2 7='+2

n-2i.
H2 = " 0"'(£i + e„+i) + 2  *j -    2    fy        1 < i < » - 1, (2)

Z 7=2 7=1+2

^="~2)i+1(ex + en+x)+±  e,-    ¿    *        1 < ' < «• (3)
L j=2 7=1+1

The multiplicity of each M-type is one.

Proof. We have proved that

2S/' = 2  <7 -    2    <7 + (" - 2'>n+i.       0 < i < n.
y-i       7='+i

We handle the following cases / = 0, 1 < / < n — 1, í = n, one at a time. If

1 < i < n - 1, set a, = • • • = a, = 1, ai+x = • • • = an = - 1, an+x = (n - 2i).
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We need to find all the n-tuples (c,, . . . , cn) E Z" satisfying:

(i) ax > c2 > ■ ■ ■  > an_x > cn> an and

(ii)2^,a, = 2^,c,..

Let c = (c,, . . . , cn) be such an «-tuple. Then it is either

c, = - 1,    c2 = • • • = c, = 1,    c, + 1 = 1,    c,+2 =•••=£•„=- 1,       (1)

c, = 0,    c2 = • • • = c,. = 1,    ci+x = 0,    c,+2 = • • • = c„ = - 1, (2)

c, = 1,    c2 = ■ •• = c, = 1,    c, + , = -1,    c,+2 = • • • = c„ = -1.       (3)

Indeed because the c,'s are integers, (i) forces c2 = • • • = c, = 1, c,+2 = • • • = c„

= — 1 and c, + , = - 1, 0, 1. Apply (ii) to get the values for c,.

In view of Theorem 10.5, the result is clear if 1 < í < n — 1. In the case / = 0 or

n, the proof is similar and we omit it.

Theorem 12.4. Let G = Sp(n, 1), n > 2. The M-types of r26ic„ 0 < /' < n, are the

ones parametrized by the following highest weights:

/-i

Mi

Pi =

f*3

M4  =

Ms =

M6 =

Pi

M8

/x9

Mio =

n - z')(e, + en+!) + 2 2   Ej,        2 < /' < « - 1, ;' = 0, «,
7 = 2

1-1

n — /
1 \
Ö Kei + en+i) + 2 2  e, + fi<>       2<i <n- 1,
Z / 7 = 2

1\ '"'
» - i■ + 2 Kei + £n+1) + 2 2  e, + %.       2 < i < n - 1, /' = «,

¿-i
« - 0(ei + e*+i) + 2 2  e, + e, + e,+ „       2 < f < n - 1,

7=2

1-1

n - i + l)(e, + en+i) + 2 2   ej + 2e,,        2 < i < « - 1, /' = n, i = 1,
y = 2

i-i

n - /)(e, + en+i) + 2 2   e, + 2e,.,        2 < I < n - 1,1 - 1,
y-2

/'— 1

/j - / - l)(e, + en+1) +22   e, + 2e„        2 < i < « - 1, i = 1,
y-2

» - í + 2-)(ei + en+1) + 2 2   $ + 2e,. + e, + „        2 < i < n - 1, / - 1,

1 \ '~ '
»-/-•=■  (e, + en+1) + 2 2   e, + 2e, + e, + „        2 < i < « - 1, i = 1,

Z I 7 = 2

i-l

« - 0(e, + e„+1) + 2 2 «y + 2e, + 2e,+ „        2 < i < n - 1, i = 1,
y-2

w/im? 2}_2 e, = 0 if i < 2 and 2y=2 e, = 0 // /' = 1. F/ie multiplicity of each M-type

is one.
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Proof. 25/ = 2,-_, 2e, + 2(n - i)en+x for / = 0, . . ., n.

Let a = (ax, . . . ,an+x) be defined by 27=,'a,e, = 25/'. We want to find all the

«-tuple in Z", b = (bx, . . . , bn) satisfying:

(i) bx > 0, b2 > ■ ■ ■  > bn> 0,

(ii)Ä, > aJ+x,2 < j < « - 1,

(hi) a, > bj+x, 1 <j < n - 1,

(iv) 2J= ,(«, + />,.) G 2Z,
(v)

™x( u6) = /wx(¿>)

2       (_i)li-l("-2-lLl+5(-¿'i + 2"->A)-2,e^,
¿c{l,...,»} \ « - 2

(j^-27.,^).
If b is such an «-tuple set b¿ = (a„+1 + bx - 2j)/2 for 7 = 0, . . . , min(an+1, bx).

Theorem 10.7 says that ^ = (6¿, b2, . . . , bn) = 2"_2 6,e, + 6¿(e, + e„+1) give all

the M-types of t25c„ when b varies through all the possible «-tuples of that kind.

We need to look at the following cases:

(1) i = 0,

(2) i = 1,
(3) 2 </<«- 1,

(4) i = n.

(1) If i = 0, then ax = • • • = an = 0 and an + x = 2«. The Z «-tuples satisfying

(i)-(iv) are of the form bk = (2k, 0, . . ., 0) for k E Z+. Since Ax = • • • = /4„ =

0, then mx(¡ib ) =£ 0 implies A: = 0; therefore the only «-tuple in Z" for which (i)-(v)

is true is (0, ... , 0), with multiplicity one. The only choice for b¿ is ¿>{J = 2«/2 = «.

Hence the theorem is true in this case, with the usual convention that 2)~2 = 0 if

/ - 1 < 2.

(2) If /' = 1, then ax = 2, a2 = ■ ■ ■ = a„ = 0 and an+x = 2(« - 1). Let b =

(bx, . . . , b„) G Z", satisfying (i)-(iii). Then ¿>3 = • • • = b„ = 0 (if « > 3) and

0 < b2 < 2, bx > 0. 2"_, a, + b¡ E 2Z forces bx + b2 E 2Z; consequently the pos-

sible «-tuples in Z" for which (i)-(iv) is true are of the form:

(l')bkl=(2k,2,0,...,0)kez+,

(2') b\ - (2k + 1, 1, 0, ..., 0),ez+,

(3')6,3 = (2A:,0,...,0),eZ+.
The only «-tuple in Z" of the form (1') satisfying (v) is (0, 2, 0, . . . , 0) with

mA(¿¿) = 1.

Indeed A, = • • • = An = 0 and

*(«*)-     2     (-iH"-2-^-*)^o-*-o
£c{l,...,n) ^ « — Z /

and |L| = 0. Therefore «VZ»,1) = 0 if /c ¥• 0 and /wx(¿>¿) = 1 if k = 0.

The only «-tuple in Z" of the form (2') satisfying (v) is (1, 1, 0, . . . , 0) with

mx(bl) = 1. Indeed Ax = 1, A2 = • • • = An = 0 and

^0
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m {bï)=^{-\t\n-2-nL_-k-X)
lez, v n      a i

+ sc-iH""2"1?"*)

= 2 (- i)|jL|( " _ 2 ~ 'L' ~ M.
îiL V n - 2 /

Hence if rhx(bk) =£ 0, then k = 0 and in particular mx(í>o) = 1-

The only «-tuple in Z" of the form (3') satisfying (v) is (2, 0, ... , 0) with

mx(b3x) = 1. In fact A x = 2, A2 = ■ ■ ■ = An = 0,

,(*ö-   2(-l)l-l("-2-|¿l+í(-2^2)-2
2ei \ « — 2

+ 2 (_i)w(»-2-|z,|-fc + n
2«z. V « - 2 /

=  2 (- l)|Lli n ~ 2 - |L| - /c + 1 \
2«L V « - 2 /

If k > 2, it is clear that mx(bl) = 0.

If k = 0,

(*©-   2  (-iH"-2-W + I)
2«L V n — l i

|£|-0,1

-(";irH"->(::8-*
If /t = 1, mx(bx) = 1. Concluding, the «-tuples in Z" satisfying (i)-(v) are

(0, 2, ... , 0), (1, 1,0, . . . , 0) and (2, 0, . . . , 0).

Set as usual b¿ = (an + x + bx - 2/)/2 for j = 0, . . ., min(an + 1, bx) and 6, =

0, 1, 2.

If Ä, = 0, theny = 0 and ¿>° = (« - 1).

If ¿>, = 1, theny = 0, 1 and b° = (« - 1) + ±, Z>¿ = (« - 1) - i.

If ¿7, = 2, then y = 0, 1, 2 and b% = n, ¿>¿ = « — 1, b% = « — 2.

Hence, the M-types are the ones described.

(3) 2 < / < « — 1. In this case ax = • • • = a, = 2 and ai+1 = • • • = an = 0

anda„+i = 2(« - /')•

Let b = (Ä,, . . ., bn) be a Z «-tuple satisfying (i)-(iii). Then 62 = • • • = Z>,_, =

2 (if / > 3), 0 < ¿>„ Z>, + , < 2, ¿>,. > £i+„ and 6<+2 - • • • - bB - 0, bx > 0.

2?_,(a, + 6,) G 2Z forces bx + ¿>, + 1 G 2Z; it is now clear that the possible «-tuples

in Z" satisfying (i)-(iv) are
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jth   (i + l)th

(1") (2k, 2,..., 2,

(2") (2k + 1, 2, . . .

(3") (2k, 2,..., 2,

(4") (2k,2,...,2,

(5") (2k + 1, 2, . . .

(6") (2k,2,...,2,

0,

1,

1,

2,

2,

2,

0,

o,
1,

0,

1,

2,

0, ...,0) for£GZ+,

0, . . ., 0) for k G Z+,

0, . . ., 0) for k G Z+,

0, ...,0) for/cGZ+,

0, ...,0) forrcGZ+,

0, ...,0) for/cGZ+.

The only «-tuples in Z" of the form (l")-(6") satisfying (v) are

ith (/ + l)th

(0, ..

(1, ••

(0, ..

(2,..

(1,..

(0,..

o,
1,

1,

2,

2,

2,

0,

0,

1,

o,
1,

2,

. ,0) with wx(/x) = 1,

. ,0) withmx(ju) = 1,

. ,0) withwx(ju,) = 1,

. ,0) with mx(fi) = 1,

. ,0) withmx(ju) = 1,

. ,0) with mx( ¡i) = 1.

We omit the computation which is straightforward as in the previous case.

Set b¿ = (an+x + bx - 2/)/2 for j = 0, ..., min(¿„ an+x) and bx = 0, 1, 2. If

bx = 0, then y = 0 and b% = (n - i). If bx = 1, then y = 0, 1 and b% = (n - i) + \,

bl0 = (n - i) - \. If bx = 2, then y = 0, 1, 2 and b% = n - i + 1, Z>¿ = « - i, bl =

n — i — 1. Therefore the M-types are the ones listed.

(4) If i = n, then «, = ••• = a„ = 2 and an+, = 0. The «-tuples in Z" satisfying

(i)-(iv) are

(1'") (2k, 2, . . . , 2, 0)

(2'") (2* + 1, 2,..., 2, 1)
(3'") (2k, 2, . . . , 2, 2)

for & GZ+,

for & G Z+,

forÂ: GZ+,

2, 0),   (1, 2, .and   the   ones   satisfying   (i)-(v)   are   (0, 2, . . . , 2, 0),   (1, 2, . . . , 2, 1)   and

(2, 2, ... , 2) all with multiplicity one.

Since min(an+ „ bx) = 0 for bx = 0, 1, 2, then we have y = 0 always and

if bx = 0, then b% = 0;

if ¿>, = 1, thenè°=|;

if bx = 2, then¿>£= 1.

The theorem is now completely proved.

Theorem  12.5. Let G — F4. Let <i> be as in  10.8 and if ¡i = 2¿_, a¡e¡, write

¡i = (ax,a2, a3).

(1) The M-types of t2Sf¡ are m¡ ° § for j = 1, . . . , 10 and

MÍ =(3, 1,1),       m2 = (2, 1, 1),       fii- (1,1,1),       M*-(!.f>ï)<

M5 = (i,M)>   ri-(§.!,&   ri-(f.ï.ï).   ri-(2,2,o),
/i¿ = (2, 1, 0),       MÍo = (2, 0, 0).



328 M. W. BALDONI SILVA

They all have multiplicity one.

(2) The M-types of t2Sf2 are m 2 ° <f> for j = 1, . . . , 18, where, unless otherwise

stated, the multiplicity is one, and

M? = (2, 2, 0),    M| = (2, 2, 1),    tf = (2, 2, 2),    £ = (f, \, \)(mx(¡x24) = 2),

Ml = (I, §. i)K(ri) = 2), M62 = (i, 1, i)K(ri) = 3),

ft?-(|,l,i),    ri -(!,§,§),    ri-(2,l,0),    m?o = (2, 1. l)K(rio) = 2),

tf,-(1/1,0),    rè = (l.î-è)K(M?2) = 2),

M.3 = (|,M)K(M?3) = 2),   ^-(3,1,1),    rè-(l.i.è).

M?« - (2, 0, 0),   ri?" (1.0,0),   »i?8 - (0, 0, 0).

(3) F«e M-types ofr2SF, are m„j ° § for j = 1, . . . , 5 a«^

ri-(2,2,2). mI -(f.f.f). ri-O.1.1). ri-(ï.ï.î)' ri-(o.ao).
F«ev a// «aue multiplicity one.

Proof. We first prove (1).

4

25/' = 2e + 2e2 + 2e3 = 2 afii    with ft = a2 = ft. = 2, a4 = 0.
1=1

Let (qx, . . . , <74) be a 4-tuple satisfying:

(i) ft - ft G Z, 2ft G Z,

(»)<7i > R2> 13> |ft|,

(hi) a, > ft > • • •  > ft > a4 > |ft,|,

(iv) a,. - ft G Z.
Since a, G Z, then condition (iv) is equivalent to ft G Z. If ft G Z, then (iii) forces

ft = ft = 2, ft = 2, 1, 0 and <jf4 = 0. So the 4-tuples (ft, . . . , ft) satisfying (i)-(iv)

are (2, 2, 2, 0), (2, 2, 1, 0) and (2, 2, 0, 0).

Set (<7',, . . . , q'4) = <f>(ft, • • • , <74)- Let bx, b2, b3 be a 3-tuple satisfying:

(i) ft - bj E Z, 2ft G Z,
(ii) bx > b2 > b3 > 0,

(iii) <7Í > ft, > #2 > ¿>2 > #3 > b3 > \q'4\,

(iv) ft - bj E Z
(V) If (qx, . . . , ft) = (2, 2, 2, 0), then (?'„ . . . , q'4) = (3, 1, 1, 1) and (bx, b2, b3)

is equal to (3, 1, 1), (2, 1, 1) or (1, 1, 1).

(2') If (ft, . . . , ft) = (2, 2, 1, 0), then (q\, . . . , q'4) = (f, f, i ï) a"d (¿„ ¿2, ¿>3)

is equal to (f, |, 0, (f, ¿, 2), (f, §, ±) or (f, ¿, i).

(3') If (ft, . . . , ft) = (2, 2, 0, 0), then (<?'„ . . ., ?4) - (2, 2, 0, 0) and (bx, b2, b3)

is equal to (2, 2, 0), (2, 1, 0) or (2, 0, 0).

Hence by Theorem 10.9, the M-types are the ones described.

We now prove (2).

4

2S/2 = 2   aiei    witn a\ = 3, a2 = a3 = a4 = 1.
1 = 1
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Let (ft, . . . , ft) be as in the proof of (1) satisfying (i)-(iv). Since a¡ E Z forces

ft G Z, then (ft, . . . , q4) is either one of the following:

(3, 1, 1, 1), (2, 1, 1, 1), (1, 1, 1, 1),

(3,1,1,0), (2,1,1,0), (1,1,1,0),

(3,1,1, -1),    (2,1,1, -1),    (1,1,1, -1).

Let (ft, b2, b3) satisfying (i)-(iv) be as in the proof of (1).

(1') If (ft, . . . , ft.) = (3, 1, 1, 1), then (ft\ . . . , ftO = (2, 2, 2, 0) and (ft, b2, b3)

is equal to (2, 2, 2), (2, 2, 1) or (2, 2, 0).

(2') If (ft, . . . , ft,) = (2, 1, 1, 1), then (q\, . . . , q'4) = (f, f, \, {-) and (¿>„ ft, b3)

is equal to (f, \, \) or (f, f, \).

(3') If (ft, . . . , ft) = (1, 1, 1, 1), then (ft\ . . . , ftO = (1, 1, 1, 1) and (ft, b2, b3)
= (1, 1, 1).

(4') If (ft, . . . , ft) = (3, 1, 1, 0), then (q\, . . . , q'4) = (f, f, §, -|) and

(ft, b2, b3) is equal to (f, |, |), (f, f, ¿), (|, f, §) or (f, |, i).

(5') If (ft, . . . , ft.) = (2, 1, 1, 0), then (q\, . . ., q'4) = (2, 1, 1, 0) and (ft, b2, b3)

is equal to (2, 1, 1), (2, 1, 0), (1, 1, 1) or (1, 1, 0).

(6') If (ft, . . . , ft.) = (1, 1, 1, 0), then (ft\ ...,q'4) = (§, ¿, i, 2) and (ft, ft, Z>3)

is equal to (f, \, \)ox{\, \, \).

(T) If (ft, . . . , ft.) = (3, 1, 1, -1), then (q\, . . . , q'4) = (3, 1, 1, -1) and

(ft, b2, b3) is equal to (3, 1, 1), (2, 1, 1) or (1, 1, 1).

(8') If (ft, . . . , ft) = (2, 1, 1, - 1), then (q\, . . . , q'4) = (§, i, ¿, -\) and

(ft, b2, b3) is equal to (f, \, \), (\, \, {) or ({-, \, ¿).

(9')   If   (ft, . . . , ft) = (1, 1, 1, -1),   then   (q\, . . .,q'4) = (2, 0, 0, 0)   and

(ft, ft., b3) is equal to (2, 0, 0), (1, 0, 0) or (0, 0, 0).

Finally, we prove (3).

4

2<5/3 = 2   aiei        ai = 4> a2 = «3 = fl4 = °-
i=i

Let (ft, . . . , ft) be a 4-tuple as in the proof of (1) satisfying (i)-(iv). Since ft G Z,

then (ft,..., ft,) is either one of the following (4, 0, 0, 0), (3, 0, 0, 0), (2, 0, 0, 0),

(1,0, 0, 0) or (0,0, 0,0).

Let (ft, ft., b3) satisfy (i)-(iv) as usual.

(10 If (ft, . . . , ft) = (4, 0, 0, 0), then (q'x, . . . , q'4) = (2, 2, 2, -2) and

(ft, b2, b3) = (2, 2, 2).

(2') If (ft, . . . , ft) = (3, 0, 0, 0), then (q\, . . . , q'4) = (f, f, f, -f) and

(ft, ft,, ¿>3) = (f, f, f).
(3') If (ft, . . . , ft) = (2, 0, 0, 0), then (q\, . . . , q'4) = (1, 1, 1, -1) and

(ft, b2, b3) = (1, 1, 1).

(4') If (ft, . . . , ft) = (1, 0, 0, 0), then (q\, . . . , q'4) = ({-, \, \, -\) and

(ft, ft,, b3) = (\, 2, 2).

(5') If (ft, • . . , ft.) = (0, 0, 0, 0), then (q[, . . . , q'4) = (0, 0, 0, 0) and (ft, ft,, ft.)
= (0, 0, 0).
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13. Some result on positive root systems.

13.1. (Notation as in §10.) In order to use the equation of the infinitesimal

character, as we pointed out in 11.1, we need to classify all the positive root

systems for $>, containing a and <ï>*. We do it by a case by case argument.

13.2. G = Spin(2«, 1). Set F0'1 = 4>+ and y,1 = y„ 1 < i < n. Define F0'2 =

iYiF0,1 and y,2 = sy<yj, for /' = 1, . . . , n.

Suppose P0J has been defined with simple roots y{, . . . , yJn. Then P0J+l =

j^F0-7' and y/+1 - ayy/.

Lemma 13.3. (1) P0J, 1 < j < n, contains <ï>+.

(2) P0J contains a = y, + • • • +yn the real root in F0,1, if j < «.

Proof. (1') yj - y, + • • • + y,, ify < «.

Suppose that we have shown that yj = y, + • • • + y,. (This is clearly true for

y = 1.) Then y/^,1 = sy/yj+x = s^fy-i . . . sy]yj+x = «^ = y, + • • ■ + yJ+l. This

completes the induction and proves (V).

(2') yj G *„, ify < «•

Clearly y,1 = y, G S>m. Suppose that yj G <ï>m, then by (V), yj*j = y/ + yJ+l. Since

yj G <&m and yy+, G 4>m we see that y/+,1 G $m.

Now F0-7"1"1 = (P0J - {yj}) u {-yj}. Hence if 4>+ c F0'', then $+ c F0-7'*1,

fory < «, by (2'). Since $+ c F0,1 we have thus shown that $* c P0J, fory < «,

and (1) is true.

By (F) a = yj + yj+x + ■ ■ ■  +yn ify < « - 2, a = y;,",1 + y„ ify = « - 1, and

« = y" ify = «•

Since y, = y/, if < >y, we see that a G F0,7", fory = 1, . . . , «.

Lemma  13.4.  The systems of positive roots containing í>^¡ u {a} are precisely
r>0,l pO,n

Proof. It is easy to see that F01, . . . , F0'" are all distinct. Since there are exactly

| W(4>)|/2| W($>m)\ systems of positive roots containing <I>* U {a}, the lemma

follows.

13.5. G = SU(«, 1). We use the notation $+: é", > • • • > ën+x for the funda-

mental Weyl chamber relative to 4>+.

We define P'J a system of positive roots for <I>, 0 </'<« — 1, 1 < j < « — i, as

follows:

pO,i = 4>+)        yo.i _ Jkt        k=\,...,n.

Suppose that P'J, y[J, . . . , y'nJ have been defined; then

F' + lJ = s,,, F'-7    and   yî+ W = s- Y*'',

J»w+i-jl«    F'-7    and   ^+l = s,    yV.
11,-7+1 ' * Yn-y+l   Ä

Lemma 13.6. (1) The systems of positive roots F'-7 are well defined and distinct.

(2) P'J contains 4>/ and a, where a = e, — ën+, is the real root of<j> + .

(3) If Q G $ ¿s a jyííew of positive roots such that {a} u {$„} C ß, f«e«

(? = P'J for some i,j.



EMBEDDINGS OF THE DISCRETE SERIES 331

Proof. (V) If 2 < / + j < n + 1, then yf~lJ = y, + • • • + y, = e", - ii+x.

Indeed y°-1 = y,. Suppose that (V) is true for 2 < i +j < k; then we prove it for

i +j = k + I.

y/-^=syf-^yi-^ = sy!-IJ...syyf^.

But yfJ = y„ so yj~1J = y, + • • • +y,. This completes the induction and proves

(10- Similarly

y'ntj+x = ên_J+x - sn+x = yn_J+x + ■ ■ ■ +yn,   if 2 < i +j <n + 1.    (20

Also

F'-7: e"2 > ë3 > ■ • •  > ë/+1 > è, > ëi+2 > > ën_J+x

>ên+x >ën_J+2> ■ ■ ■ >ln (30

if 1 < i < n, 2 < y" < « — î.

F0-': e~, > • • •  > ê„_,+ 1 > ên+, > ë„_,.+2 >•••>£„,       / > 2,

F'1: ë2> ■ ■ ■  > ëi+x >ëx> ëi+2 > > ë„+x,       i > 1.

Another way of stating (30 is that P'J has é", in the (/ + l)th position and ¿"„+, in

the (« + 2 — y')th position and f2 > • • • > e„. Suppose that we have proved this

for 1 < / +/ < k. We prove it then foi i + j = k + 1. If i + j = k < n, by (V) it

follows that

PÍ+ÍJ - WW: Ê2 >   •   •   •   > «i + l  > ê, + 2  > ¿I  > £í + 3  > > £„-7 + 1

> ê„+i >  • • •   > £„-7 + 2 > •     •   > £„

which is correct.

Similarly by (20, F'v+1 = sy,¿jPiJ has é", in the (i + l)th position, £n+, in the

(« — y + l)th position and ë2 > • ■ •  > ën, since sylJ_      interchanges é"n+| with

This proves (30 and the lemma follows immediately since a = é", — ën+x and the

P'j are n(« + l)/2 and hence exhaust all systems of positive roots containing <ï>*

and a.

13.7. G = Sp(«, 1). We label $+ by ê", > ë2 > ■ ■ ■ > ë„+, > 0, as usual. The

real root in $+ is a = è, + ê2. Thus if g is a system of positive roots and

Q D <ï>^ U {a}, Q must have

é", > ±è2,        ê3 > • • •  > ën+x > 0.

All systems of positive roots are given by

"lë„(l)  > »Â(2)  >   •  •  •    > «n+lé"a(n+l)  >  0     With«,. =   ±1,0 G S„+x. (I)

Let F'"7, 0 < / <y < « be the unique system of the form (I) with ê, in the

(/' + l)th position and e"2 in the (j + l)th position and i3 > • • • > ën + x > 0, i.e.

ë3> ■ ■ ■  > ëi+2 > èx> ëi+3 > ■ •     > ïj> é}+, > ë2> ê}+2 > ■ ■ ■  > é"n+1 > 0.

For 0 </■<« — 1, 1 < j < « — i, let Fv+" be the unique system of positive

roots of the form (I) with I, in the (/' + l)th position and — e"2 in the (n + 2 — y')th
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position and é"3 > • • •  > in+x > 0. Clearly there are precisely 22"_¿(« — /) = 2«2

- 2(« - l)«/2 = «2 + « = «(« + 1) such systems F'v and they are all distinct.

Lemma 13.8. (1) The P'J exhaust all the systems of positive roots containing <I>*

and {a}.

(2) If i,j, i',f are in the range of definition of Fv, then if there is y G P'J, y

simple in P'J, such that syP'J = F'v, then \i - i'\ + \j — j'\ = 1.

Proof. The P'J are clearly distinct.

[W(A): W(Am). {!,,„} ] . |^±J| . („ + l)w.

Hence (1). (2) is proved by inspection.

Note. Schematically condition (2) says that if we label the systems of positive

roots PiJ by their Cartesian coordinates and if we draw a line between two such

systems related by simple roots, then we have:

Diagram for Sp(«, 1):

n-l,n+l

n-2,n-l        pn-2,n n-2,n+l n-2,n+2

1,2

0,1 0,2 0,3
P   ' P   ' P   '

p0,n p0;n+l 0,2n-2        0,2n-l        „0,2n
P P P

Remark. (2) of Lemma 13.8 is valid also for Spin(2«, 1) and SU(«, 1). We thus

have

Diagram for Spin(2«, 1):

P0'1 p0'2 p0'3
p0,n-l p0,n
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Diagram for SU(«, 1):

333

„n-3,3

0,n-l '  0,n
P P

13.9. G = F4. For want of a better way we give a list of the 12 =

| W(<&)\/2\ W($m)\ systems of positive roots that contain 0+ and a. Set F0'1 = í>+,

then:

0,2 0,1
P =   s       P >  °~

0,3 0,2
P =   s P

>°-

Y2+2Y3+2Y4 -y3-Y4 y^

0,4 0
P   = s P

Y +2y +2y
'2  *3 h

> °-
Y1+Y2+2Y3+2Y4   -(Y2*2Y3+2Y4)    Y2+Y3+Y4

0,5 0
P   = s     „      P

Y +Y +2y +2y
'l "2  '3  *4

> o-

-(Y +Y +2Y +2v ) Ywl  2  r3  V Yl
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1,4 0
P =  s P

Y   +Y   +Yr2   r3   *4
>   °"

Y  +Y   +2Y  +2y Y
'l     2      '3      '4 *2

-(Y  +Y  +Y   )W2   '3     4 Y   +2Y  +Y'2      '3   '4

1,5
P =  s P

VVY4

0,5
3-o y o-

-(Y   +Y   +2Y   +2y   )   Y   +2Y   +2Y   +2Y -(Y   +Y   +Y   )
VY1     2      "3      V   Yl      Y2      r3      '4 2   Y3     47 Y2-2Y3+2Y4

1,6 1 5

Yi+2Y2.2Y3+2Y4 -(Y +2Y +2y +2Y ) Y +Y +Y +YK11       2  '3  V 1 *2 '3 '4 Y +2Y +Y'2  '3  4

1,7 1,6
P   = s P      :   o~

VWY4 Y,
:> r>-

-(Y +y +Y +Y )   Y +2y +3y +2y
"l Y2 Y3 V   'l  '2  '3  '4

2,4 1,4
P   = s P

Y2+2Y3+Y4
o- >^-

Y1+Y2+2Y3+2Y4   Y2 Y3 -(Y2+2Y3+Y4)

2,5

-(Y +Y +2Y +2y ) Y +2Y +2Y +2Y   Yu, i2 m., ¿^)   Tj ¿ï2 ¿ï-, ^r4  <3 "(Y2+2Y3+Y4)

2,6 2,5
P   = s P

Y +2Y.+2Y.+2Y.
12   3   4

>^
-(Y+2Y.+2Y +2Y.) Y.+2y,+3y,+2y,    -(Y,+2y,+Y.)

12341234      234

In the following we label P'J by dots. We connect two dots with a line only if the

corresponding systems of positive roots are related by a simple reflection:

Diagram for F4.

„1.7
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14. Some more computations. We now need to compute Ô • ■ for the systems of

positive roots introduced in §13. We recall that 25^ = 2atE/>va.

Lemma 14.1. (Spin(2«, 1))

25^o, = (2« - 2i + l)e, +  2 (2« - 2(Jfc - 1) + 1)£, +    2    (2n - 2k + l)e,.
k=2 fc = i + l

(1)

Proof. 25^,0., = s (-i . . . sy¡28Po.¡.

Since y* — y, + • • • +yk = èx - 4+i for k = 1, . . . , «, then

íy/-, . . . jy!£, = ê,+ ,    for k = 1, . . . , i - 1,

í.i . . . iviê, = ë,    and
Yl-1 Yl  ' l

jvi-i . . . siê. = ê,    for k > i + 1.
Ti - 1 11   Ä *

Following Bourbaki [2]: 28Po., = 2¿_,(2« — 2k + l)e, and hence

i-l n

25^o„ =  2 (2« - 2k + l)ê,+ , + (2« - 2i + l)e, +    2    (2n - 2/t + l)e,
k = \ k-i+i

i n

= (2« - 2/ + 1)1, +  2 (2" - 2(k - 1) + l)e, +    2    (2n-2k+ l)e,.
*=2 fc-i+I

Lemma 14.2. (SU(«, 1))

i+l

25^,7 = (« - 2/)ë, +  2 (" - 2(Jt - 1) + 2)4
* = 2

n-j+ 1

+    2    (« - 2k + 2)4
it-r+2

+      2      <« - 2(* + 4) + 2)4 + («-2(«-y + 2) + 2)4 + 1.   (1)
Jfc = n-7 + 2

Proof. Consider the permutation a defined by

°(èk) = 4 + i.       k = 1, . . . , i,

°(«, + i) = «j,

°(êk) = 4>        k = i + 2, ...,n-j+l,

a(Ci-7 + 2)  =  £»+!>

a(êk) "4-1.       & = « -y" + 3, . . . , « + 1.

Then    aP01   =  PiJ,    I  < i < n -  1,    1   < y  < « -  i.    Since    25^.,   =

2",t1,(" - 2£ + 2)e„ then
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28pij = al  2 (" - 2/t + 2)4 ) = (« - 2/)ê, +  ¿ (« - 2fc + 2)4+1
\Jfc-l / *;=1

n-j+ 1

+    2    (" - 2k + 2)ëk + (n - 2(n -y+ 2) + 2)4 + ,
fe-i+2

+      "¿       («-2A: + 2)4_,
*=«-7+3

i+l n-7+1

= (« - 2i)ê, +  2 (» - 2(/t - 1) + 2)4 +    2    (n-2k + 2)4
fc=2 k=i+2

+       2      (/i-2(A+ l) + 2)4 + («-2(«-y + 2) + 2)4+1.
/fc=n-i+2

Lemma 14.3. (Sp(«, 1))

1 + 2

28P,j = 2{ (« + 1 - i)ëx + (« + 1 - y)ë2 +  2 0» + 1 - (* - 2) + 04
A: = 3

7 + 1 n+1 "j

+     2     (/! + i - (* - 1) + 1)4 +     2     (H + 1 - * + 1)4   ,
k = i + 3 k=j+2 )

1 + 2

2ÔplJ*. = 2{ (« + 1 - /)ë, -yè2 + 2 (» + 1 - (* - 2) + 1)4
¿t = 3

n + 2-7 n+l

+   2  (« + i - (* - i) + 1)4 +   2  (« + i - k + i)4
k = i + 3 n + 3 -7

Proof. Let o be the permutation defined by (0 < I < / < «)

°(4) = 4+2'        fc - 1,..., i,

<*(ë, + i) = 4.
°(4) = e, + i>       re = j + 2, . . . ,y,

°(«/+i) = ëj,

°(4) "4.        k = y + 2, ...,«+ 1.

Then aF0-1 = F'v. By Bourbaki [2]

n+1

■228Po., « 2 2 (« + 1 - j + I)«,
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25^,7 = a(25pcu) = 2   a    ^ (n + I - k + l)ek + (n + I - i - I + 1)4
*=i

j

I
k = i + 2

+    2    (« + ! - k+ l)èj + (n + 1 -j- 1 + l)ëj+x

n+1

+   2   (» + i - k + 1)4
fc=7 + 2

= 2    2 ("+ 1-*+!)%« + (« +1-Qi
A=l

+    2    (n + l - k + 1)4+, + (« + 1 -y)i
* = i + 2

n + 1

+    2    (n + I - k + l)i
k-j + 2

1 + 2

= 2)  2 (« + 1 - (k - 2) + l)e, + (« + 1 - /)4
k = 3

7+1

+    2    (n + 1 - (* - 1) + 1)4
* = i + 3

n+1

+ (« + 1 -y)4 +    2    (n + l- k+ l)i
k=j + 2

1 + 2

= 2{ (« + 1 - i)4 + (« + 1 - y)4 +  2 (" + 1 - (k - 2) + 1)4
k = 3

y+1 n+1

+   2  (« + i - (k - i) + 1)4 +   2  (« + i - k + i)4
fc = i + 3 *=7 + 2

Let a, be the element in the Weyl group, W(ax, . . . , a„ + 1), defined by

ai(4) = 4+2-       fc - 1,..., i,

ai(«, + i) = «i.

ai(«*) = 4+i-        /c = / + 2, . . . , « + 1 -y,

°l(ê„ + 2-7) =  _ê2.

ai(4) = 4>        & = « + 3 - y, . . . , « + 1,
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then axP°A = PiJ+n and hence

20,17*. = 0,(25,0,,) = 2   (« + 1 - 04 - (« + 1 - (« + 2 -y) + 1)4

+ 2 (« + 1 - (k - 2) + 1)4
fc = 3

+    ^\n+ï-(k~l)+l)ëk
k = i + 3

+   "2   (n + l-k+l)ëk).
n+3-7 J

Lemma 14.4. (F4)

25,0! = (11, 5, 3, 1),       25,..5 = (4, 10, 6, 2),

25,o.2 = (10, 6, 4, 2),       25,,.« = (2, 10, 6, 4),

25,o.3 = (9, 7, 5, 1),       25,,.7 = (1, 9, 7, 5),

25,o,4 = (7, 9, 5, 1),       25,« = (5, 11, 3, 1),

25,o,5 = (5, 9, 7, 1)       25,2.5 = (3, 11, 5, 1),

25, ,.4 = (6, 10, 4, 2),       25,2,6 = (1, 11, 5, 3).

Proof. Following [2] the computation is straightforward.

15. M -types which give trivial infinitesimal character. We recall that 25m =

2aG4)¿a.

Lemma 15.1. G = Spin(2«, 1). Define Aq, = 5,o,i — 5m and v0i = 2(S,o..,a)/(a,a)

for i = 1, . . . , «. Then

(1) A0>/ = («-/+ 2)e~, + 2',_2 4.

(2) *>0, = 2(« - i + ¿).

Proof. Following Bourbaki [2],

25m =  2 *(2(« - 1) - k)yk+x = % (k - l)(2(n - 1) - k + l)y,
k=l k-2

= (2(n - 1) - 1)4 +  2 (2« - 2k + 1)4 + ((« - l)2 - «(« - 2))4

n

=  2 (2n - 2k + 1)4.
k = 2

Thus,

25,0, - 25m = (2« - 2/ + l)e, +  2 (2" - 2(k - 1) + l)e,k
k = 2

+    2    (2n-2k + 1)4 - 2 (2" - 2k + 1)4
k=i+\ k-2

= (2« - 2/ + 1)4 +  2 2t
k = 2

and (1) follows.
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Since a = 4, (2) is evident.

Lemma 15.2. G = SU(«, 1). Set A,v = 8P¡J - 8m and vtJ = 2(5,,v, a)/(a, a) for

0 < i < n — 1 and 1 < j < n — i. Then

(1) A,v =\(n - 204 + 2',+J24 - 2",.n+2_/, + hin ~ 2(/i -j + 2) + 2)4+„

(2)^,v = «-y- i+ 1.

Proof. Following Bourbaki [2],

28m = 2 X« -2-7+ l)y,+ , = 2 (7 - 1)(« -7)y,
7=1 7=2

rt-1

2
7 = 3

Hence

= (« - 2)4 +  2 (« - 2/ + 2)ey. - (« - 2)4 = 2 (» - 2/ + 2)e,.

i+l n-7+l

25,.7 - 25m = (« - 204 + 2 (» - 2(* - 1) + 2)4 +    2   (n - 2k + 2)4
*=2 * = i+2

+      2      (n-2(k+ l) + 2)4 + («-2(«-y + 2) + 2)4+,
*=n-7+2

- 2 (" - 27 + 2)^
7 = 2

i + l n

= (« - 204 + 2 24 +     2     (-2)4 + (« - 2(« -y" + 2) + 2)4+,
fc = 2 *=n-y+2

and (1) follows. Since a = I, — 4+i> (2) is immediate.

Lemma 15.3. G = Sp(«, 1). Set A,v = 5,,7 - 5m, vQ = 2(5,1,, a)/(a, a) for 0 < i

<j < « a«i/ AiJ+n = 5,i7+- - 5m, plj+a = 2(8,17+», a)/(a, a) for 1 < i +y < «.

Fne«

/        1       \ /        3       \ i+1 J+x

Av = \n + 2~ 'r1 +1"+ 2 ~ 7r2 + 2 24 +  2 4.

".7 = 2«-/-y + 2, (1)

a«i/

A,V+n  =  (" -  '  +   2)4  +  \2  _7j¿2 +    2   24  +      2      4.

"ij+n - «+ 1 - »-7 (2)
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Proof.

28m = 2 Á2(n - 1) -7 + i)y,+2 + (« - 0«/2y„+, + y,
7=1

n

-20- 2)(2(« - 1) -7 + 3)y,. + (« - 1)«4+, + 4 - 4
7 = 3

n

-2 0- 2)(2« -j + l)y, + (« - l)«4+, + 4 - 4
7 = 3

= (3 - 2)(2« - 3 + 1)4

+ 2 (0 - 2)(2« - y + 1) - (y - 3)(2« - j + 2))ê,
7=4

- (« - 2)(« + i)4+1 + (« - i)«4+1 + 4-4

= (2« - 2)4 + 2 (2« - 27 + 4)ëj + 24+, + 4 - 4
7=4

n + l

= 4 — 4 +  2 2(n - 7 + 2)ê,.
7 = 3

Hence

l 1 + 2

25,,7 - 25m = 2   (« + 1 - 04 + (« + 1 - 7)4 + % (n + l - (k - 2) + 1)4
{ k = 3

7 + 1

+   2   (« + l - (fe - l) + 04
fc = / + 3

+   2   (« + ! - k + 1)4 - ¿*i + ̂ 4 - 2 (« -7 + 2H
*=7 + 2 Z Z 7 = 3 J

- 2{(- - 1 + 1)4 + („-/ + §)4 + [224 + J\}

and (1) follows since a = 4 + 4-

We now prove (2).

( 1 + 2

25,,,+„ - 25m = 2   (« + 1 - 04 - 74 +  2 0» + 1 - (* - 2) + 1)4
{ k = 3

n + 2 -7

+   2  (» + 1 - (k - 1) + 1)4
Jt = r + 3

+    2    (« + 1 - k + 1)4 - 1«, + ±4 - 2 (« -7 + 2)ê,
n+3-7 z z 7=3 J

= 2{(«-¿ + I)4-(y4)4 + |324 + T34}.
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The expression for viJ+n is clear, so the proof is complete.

Lemma 15.4. G = F4. Set A,v = 5,,v - 8m and vtJ = 2(8plJ, a)/(a, a). Then:

(1)A0>,=-(11, 0,0,0), »<,,,= 11,

(2)Ao2=i(10, 1,1, 1),^2= 10,

(3) A03 =¿(9, 2, 2, 0),^ = 9,

(4)A0j4=i(7,4,2,0),f-0>4=7,

(5) Ao>5=i(5, 4,4,0),^ = 5,

(6)A,,4=i(6,5, 1, 1),pm-6,

(7)A1;5=i(4,5,3, l),rli5 = 4,

(8)A1>6=i(2,5,3,3),K,)6 = 2,

(9) A1;7= 1(1,4,4,4),^= 1,

(10)A2>4=±(5,6,0,0),k2>4 = 5,

(ll)A2j5=i(3,6,2,0),i-2)5 = 3,

(12)A2,6=i(l,6, 2,2), ^2j6=l.

Proof. Since 25m = 54 + 34 + 4 and a = 4> using 14.4, the computation is

straightforward.

15.5. Let it be one of the A/-representation we found in §12. We have computed

its highest fi weight with respect to the e,'s. A moment's thought shows, how, in

each case, the highest weight ju of tr^ reads with respect to the e,'s.

As we remarked in 11.1, we now use the equation of the infinitesimal character,

to see which of these M-types will eventually give an embedding.

Lemma 15.6. (Spin(2«, 1))

n

Mi = 2  ê, = Vil,,-- (!)
1=2

Proof. Aq„ =\lx + 2",=24> hence A0n|s_ = 2£_24-

Lemma 15.7. (SU(«, 1))

(l)fi/- A,n_,v for i = 0, ...,«- 1,
(2) ¡i!, = A,_,,„_(V/or /= 1, ...,«- 1,

(3) PÍ = A,._,,„_,-+,,    for i = 1, . . . , «.

Proof.

A-7V - |(« - 2i + « - 2(» -7 + 2) + 2)(e'+2e"+l)

i+l n

+24-      2      4
k=2 k=n+2-j

= (j    [    1)(4 + 4+,)+24-     2
V * / k-2 k=n+

+ 1

2
k-2 k=n+2-j
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A,'."-'II,

« - 2/ - 1 , + 1 "-9-(4 + 4+i)+2 4-    2    4 "Mi       »'= 0, ...,«- 1.
*• k = 2 k = i + 2

n ~ 2i ' "
A.-i,n-,|6-=—5—(4 +4+0+2 4-   2   4 = M2     /=i,...,«-l.

k=2 k=i+2

n — 2f + 1 ' "
A,-l,n-,+ l|6-  = -Ï-(4  + 4+l) +    2   4 ~       2      ek  = Ms 1=1,...,«.

k = 2 k-i+l

Lemma 15.8. (Sp («, 1)) We have the following table, where "NO" means that the

particular M-type does not give trivial infinitesimal character, i.e. is different from

A,V|6_ or AiJ+n^_,for all possible values of i andj. Otherwise, we give the correspond-

ing A,v.

i = 0

2<i<n,  i-0        v\-  (n-iKV^  - 2 1J. AQ>2n

2 < i < n-1

2 < i < n-1

1 < i < n

1 < i < n-1

1 < i < n-1

j-3

J2 "  (n-i-W(è1-è2)  + 2 l è.  + èi+1

2 < i < n U3 =  (n-î+%) (ê-^-êj) ♦ 2 X e.  + ei+1
J-3

v\ = (n-i)(È -È2) + l\l, * èi+1+èi+2
j=3 J

M|-  (n-i+l)^-^) + 2 Tí   + 2ei+1

1 < i < n-1 u* =  (n-i)(e -e2) + 2 I 8. + 21
j-3 J

1 < i < n-1 ^ = (n-i-l)(è.-ê2) + 2 I È. + 2Èi+1
j-3

1 < i < n-1 u* =  [n-i+%)(è1-È2)  + 2 f Ëj + 2Ëi+i+êi+2

^9 *   (n-i-yt^-^)  + 2j 4  + 24+l+ii+2

^0 =  fe-iiCVV   + 2J,£j  + 2£i-M+2ei4-2

i « n-1   i   i f n-1, n,o

N 0

"n-3,n-l
N 0

N 0

A
n-3,n

N 0

Ai-l,n-i+l+n

N 0

n-2,n-l

Vi-l,n-i+n

n-2,n
N O

A.
i,n-i+n

n-2,n-l

n-2,n
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Proof.

-k + /- 1 k+2 /+1
a*,/l- =-5-(4 - 4) + 2 2 ê, +    2   4

where

y*.'l.- - ?
¿ r = 3 i = * + 3

k + 2 I+l

2è( = 0<^/c = 0and  2««=°**/=*: + l.
3 k + 3

(0 < k < I < n). Similarly,

A*,/+»„- =-o-(4 - 4) + 2 2 è, +    2   4
z ,=3 r=fc+3

where

k+2 n+2-l

2 è, = 0 <=> A: = 0 and    2    ê, = 0<=>/=« — &,
/ = 3 i = *+3

(1 < k + /<«). We also note that if 2 < /', then

i £ + 2

2 ê, = 2 <7 «=* £ + 2 = j.
7 = 3 7 = 3

For   convenience   in   what   follows   we   write   A,,   for   A,,, _.   Since   4 — 4»

4> • • • . 4+1 are linearly independent on í)~, then

f„ = s -k+l-l
n_1-— fn-i = 0 fn = i

2 < i < n,    u* = Ak t<=> J  k+2 = i <==V   k+2 - i  <=> < k = n-2

\   I = k+1 £ = n-1( I = k+1

,     .  _ n-k+l
j n_1 "      2 fn-i = n-k

2 < i < n,    y| ■ A,   ,+   £=>< k+2 ■ i <=i> < k = i-2 which is impossible   V£,k.

( I = n-k ( £ = n-k

= -k+l-1
n 2 / n = 0

\i    = A,   » *=*< k = 0 <=> /  k = 0 which is impossible.

I ' 1 \^£ = 0

n-k+£
2

^VH- -=>/' = nI

-     .  ,       -k+£-l ,     .  ,       -k+£-l
— , .. , -, — /•„-! = 1 fi = n-l

p2 = \i <i=>\   k+2 = i <==> {  k+2 = i "*=>> (   i = £   <=s> <   í » n-1

k+3 = ¿+1 /  k+2 = £ I  k * i-2 k = n-3

.  ,      n-k+£ ,     .  ,      n-k+£
IT I " A ■" 2~~ f i = k

u* = A,   .+  <ï=$\ k+2 = i <S=> <; k+2 = i <i—>  J k = i-2 which is impossible   Vk,£-

n+2-£ = k+3 [ Í = n-k-1 I = n-k-1{l.-_ n-
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,     -+J. = -k+l-1
'n_:l *           2 i'n-i+% = ¡s            /n » i                /'n = i

k+2 = i               <fe=> | k+2 = i     •«=?> ̂   k+2 = i -î=> 1 k - n-2

k+3 = £+1 [ k+2 = l                [ k+2 = £            ( £ = n

n-k+£

M3 = Ak,£+n

which is impossible   Vk,¿ .

-k+£-l .       3-1
n-i = -=— /n-i - -^~ -  1 .       .

2 2 / n-1 = i

k+2 = i <=£/ k+2 - i <=>J k = n-3

l+l = k+4 } i = k+3 )  l = n

,n-i-

J k = i-
■ n-i = n-k-1 /i - k+1

-2        <=?> J k = i-2

£ • n-k-2 [ £ = n-k-2

which is impossible   Vk,£.

n-i+1 - -^'l
2 r n-i+1 = 0    fi = n+1

k+2 = i+1    <^=i> / k = i-1  •*=£■ y k = i-1  which is impossible since i < n-1.

I - 1+k        [ £ = k+l     \ i = k+l

n-k+£

-k+£-l
n-i -

2      fn-i = 0 fi » n
A, «<=> ¿ k+2 " i+1  <_> ^ k = i-1 <;—f. J k = n-1   which is impossible since i < n-1.

- k+l        [ l = k+l ( l =  n

n-i - n"k+£

M6 " \,Z*n

2      fn-i • n-k     fï  = k

ufi = Ak f+n<î=^ \ k+2 = i+1  <==ï>< k = i_1  <==î>' | k - i-1  which is impossible Vk,¿.

I  = n-k £ = n-k       £ = n-k

-k+£-l

k = i+1

k ■ i-1  which is impossible Vk,£.

I  = n-k
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.  ,       -k+£-l
n-i+% =

i n-i+% = \ rn » i

/ k+2 = i+1  <=> 7 k = i-1       whicM8 = Ak £<s=i>   k+2 = i+1 <1r~> \  k+2 = i+1  <s=^' < k = i_1       which is impossible, since    i < n-1.

£+1 = k+3 ( £-k = 2 j £-k = 2

-    .  ,      n-k+£
n-i+% -

"S" v***r!> i+1    ^^^^i-1
fn-i+Ij - n-k-% ,    _ i_1

n+2-£ - k+3

n-i-Jj

U = n-k-1 }/ = n-i

/"n-i-%*%

I k = i-1
2 ^n-i-¡s=% fi " n-1

k+2 - i+1 <==> ) k = i-1 <==> / k = n-2

£+1 » k+3 £ = k+2 £ » n

.  ,      n-k+£
a-i-'-i -

( n-i-% = n-k-% ri = k

/ k » i-1k+2 = i+1        <—r> > k = i-1 *t—> / k » i-1      which is impossible  Vk,£.

n+2-£ = k+3 £ = n-k-1 £ » n-k-1

-k+£-l
n-i -

2      iTi-i = 0

Mj- = A, ,<=^y k+2 = i+2  s'. > J k = i   which is impossible since i < n-1 .

£ = k+1 £ = k+1

n-k+£
n-i -

:      /-n-i = n-k

HO '  Ak,£+n^ ( k+2 - i+2 <S=> J k - i   *«► [í I ti •
(^ = n-k       [ £ = n-k

Lemma 15.9. (F4) Lei /x,' ¿>e ai in Theorem 12.5, a«¿/ A,, as in 15.4. 77ie« u/ is

equal to some AtJ if it is in the following list:

A0,l|„-  = Ml8> M5> A0,2|6-  = Ml3' M4>

Ao,3|B- — Mil Ao>4ii,- — M9. M9.

Ao,5ls- = Ms. Ml. Ai,4l6- = Ms. Mis-

A1,5|B- = MÍ. M?. Al,6|6- = Ms»

Al,7|6- = PÍ Ml> A2,6|6- = Mi'. Pu-

Proof. If ¡jj = 2;_,a,e, is the highest weight of irj, then the highest weight of

■nj ° <f> with respect to

o-o -> o

Ê -EL ë -ë è
2    3 3    4 4

reads 11/ = 2?_2a,_,4 Lemma 15.4 gives the expression for the A,^ _, as follows

(for convenience write simply A¡,):

A0>1 = (0, 0, 0),    A0j2 = (2,i,i),    A0>3 = (1,1,0),    Ao,4 = (2, 1, 0),

Ao,5 = (2,2,0),    AM = (§,,, j),    A15 = (f,|,l),    A,,6 = (f,§,2),

A1>7 = (2, 2, 2),    A2,4 = (3, 0, 0),   A2>5 = (3, 1, 0),    A26 = (3, 1, 1).
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Comparing these expressions with the ones of the ii/'s gives the result. Note that the

only M-type which gives infinitesimal character zero and with multiplicity greater

than one, precisely two, is ii23.

16. Some realizations of a discrete series representation. We generically fix a

system of positive roots F for A. We want to prove that if F contains two simple

noncompact roots, then the discrete series irs is realized as a subspace in two

distinct (nonequivalent) principal series. The result is a consequence of [10, Theo-

rem 1.1].

Without loss of generality we may assume that P d i4+,

Lemma 16.1. If P contains two simple noncompact roots, then tts is realized as a

subspace in two distinct principal series.

Proof. Set, for convenience, 25/ = 25„, 25, = 25 and 25,A*+ = 25,. Let a„ a2 be

two such simple roots. Choose X± E (gc)±c. (i = 1, 2) so that X + X_ E p.

Let a, = R(JtT„ + X_„) and m, be the centralizer of a, in k (i = 1, 2).

Let i),~ = {H E h, a¡(H) = 0) (i = 1, 2); then t)~ is a Cartan subalgebra of m,.

Let u¡ = exp(w/4)(A^ - X_a¡) and let Ad u¡ be the Cayley transform.

Set $+ = {/? ° Ad(w,)_1, ß E A+ and (ß, a,) = 0}, then $+ is a system of

positive roots for (m,,(i),~)c). Let M¡ as usual be the centralizer of a, in K. Form

restricted roots A, with respect to a,, and let A,+ = {X E A,., A(A" + X ) > 0};

finally, let p, and n, be defined accordingly to A,+ . If £, (/ = 1, 2) is the Af,-repre-

sentation of highest weight 25„| _ A^, relative to $+, then Knapp and Wallach [10]

prove that ws is infinitesimally equivalent to a subspace of w, , where v¡ E af is

defined by

(v    L v     ^ 2(5,a,)
"¿x°>+ x-J- -rar-L

Hence to prove the lemma, we need to show that these two principal series are not

equivalent.

Set ß = a, + a2, then, due to the results of §11, ß is a simple compact root.

Since in rank one all the noncompact roots have the same length (cf. [10, 12.1]),

it is clear that sßax = — a2 and SßCt2 = — a,.

Let k = expfTj-/V2 (ß, ß)l/2](Xß - X_ß), where Xß is chosen so that [A^, X_a¡]

= (ß, ßy/2XajV2. Then Ad^X*«, + *-„,) = cos tt/2(X^ + X_a) +'

sin ^/2(A-aj + X_a) = Xai + X_a2.

4»:, - K2 o M(k). (1)

It is obvious that Ad(k) sends the roots of m, to the roots of m2, so we need only

to verify that it sends the positive roots into the positive roots. Let y = y, » Ad u2 '

E í>^. Since kuxk~l = u2, then y, ° Ad «2_1Ad(Ä;)Ad ux = y,Ad(/c) = sßyx. But

sß = sasa2sa¡ and y, ¥= a,, a2 and is positive for A, hence î^y, E A+. Similarly for

the other inclusion. Note also that Ad(k)nx = n2. Thus ir. , ^ 7ri2,f2. where £2 is the

Mx representation of highest weight 25„ ° Ad(rc)|A- = i^25n. and v2(Xa + X_a )

= v2 o Ad(k)(Xa¡ + X_a) = ,2(A-„2 -1- X_a).
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2S»LT  **A7- (2)

Indeed 2(5, ß)/( ß, ß) = 2 and 2(5^, ß)/(ß, ß) = 1 (ß is simple compact) forces

2(5„, ß)/(ß, ß) = 1. Thus sß28„ = 25„ - 2ß, and 25n|4_ - sß28n^_ = 2ß^ =

2a2j_ t^ 0. But (2) says that wÉ is not equivalent to "tt\1¿1 and hence to 7TÍ2j„2, as

asserted.

16.2. Let 7T{ „ be as in the previous lemma and ^fx = F ° Adi/f'. Then

X, = a, ° Ad Kj is the real positive root. Let A(|,, vx) be the parameter for the

infinitesimal character of w, „.

Corollary 16.3. A(|„ j.,) = 8Q, where Q is a positive root system for the roots of

(Af + ax)c and

(i)ô d$;wa„

(2) X, ¿s Ö simple.

Proof. (1) is just Lemma 7.1.

2(*i, XX)/(XX, Xx) = - y,(A'„i + X_a) = 1 and hence (2) follows.

16.4. We now go back to our situation. Let 4>+, <I>* and a be as in §10.

Assuming that we are in the situation of Lemma 16.1, let 7r£„ be one of such

principal series; then we have

Lemma 16.5. A(|, v) = 5Ö| where Qx is a positive root system for $, containing 4>*

and a as a simple root.

Proof. To simplify the notation we may assume that tt( „ = v( „.

(1) Bk E K such that Ad(Är): Af + ax -» b~ + a and

(i) A<K*X*«, + X_a) = 2Aa/(a, a) (2?(//, Aa) = a(/F)).

(ii) $f = ^f o Ad(rc)"1 contains a and $+.

Assume for the moment that (1) is true, then a = A, ° Ad(A:)_1 and tt( oí tt~(¡¡

where £ has highest weight A£ ° Ad(k)~l relative to $* and v = vx° Ad(fc)_1.

Since Ad(k)nx = n (n defined in terms of a) then A(£, v) = X¿ ° Ad(/c)_1 +

p^di/c)"1 + S«,* = A(£„ ?,) » Ad(fc)"1 = 8Q » Ad(k)~l where Q is as in

Corollary 16.3. Set Qx = Q ° Ad(k)~\ then 5ß ° Ad(k)~l = 8Q¡ and the assertion

follows by Corollary 16.3, modulo the proof of (1).

Let k0 E K such that Ad(/c0)bf + a, = h" + a.

(2) Clearly the roots of ftf are transformed under Aá(k¿) in roots of b~. If

*f ° Ad(A:0)_1 zh $+, let a G W($J so that a(*f ° Ad(fc)-1 n $J = <i>+- Let

m G NM(T) so that Ad(w)|6- = a (T the analytic subgroup of M corresponding to

h~ and NM(T) its normalizer in M). Then Ad(«i/c0)(bf + a,) = b~ +a and

ff^f » Ad(/c0)_1 n $m = <r(^,+ ° Ad(A0)_1 n $m) = 4»^ since a preserves the

roots of m. (2) forces Xx ° Ad(w/c0)_1 = Xx ° Ad(A:)_1 = ± a.

If X, » Ad(mA:0)_1 = a then (1) is true for k = mk0. If X, » Ad(mk0)~l = — a,

let sa be the reflection by a and A;, G K so that Ad(fc,)|6-+0 = sa _+q

(fc, = exp[w/V2 (a, a),/2](A-a + 9XJ). Then Ad(A:,mA:n)(bf + a,) = 6" + o and

(i) is true. Since jx acts trivially on 4>m, we still have ^rx ° Ad(kxmk())~l n$„ =

$*; thus (1) is true for k = kxmk0 and the proof is complete.
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17. Some more results.

17.1. If ¡x E af then /i, = pxa\a, where ft, G C. We abuse notation and set

M = 2/1,.

Let w,, = 7T. „be the principal series associated to Fv, defined for each

group as in §13.

We also denote by H'J the representation space of <ni,.

Let w,, for /' in the right range, the discrete series representation parametrized by

5., (. stands for one of the positive root systems introduced for each group in §11).

Denote by H' the representation space. There is an easy way of reading off the

formula of Theorem 9.1, using the diagrams of §13. We associate a ± sign to each

P'J in the following way: assign a + sign to F0'1 and suppose we have given a sign

to P'J, then associate to P'J+1 and to P'+lJ (when it is defined) — the sign of P'J.

Set T = 5,o.i ° Ad ux (X as in §10); then the formula of Theorem 9.1 reads:

S e,A + (-0*2^-1. (17.2)

where 0(. • (9¡) is the character of w(J (tt¡), e¡, is the sign associated to P'J and the

sums are taken over /', j in the right range. The result is immediate since the

diagrams are built in such a way that two positive chambers are connected by a

line precisely when one is obtained from the other by reflection of a simple root.

Let £ E M, v G af. such that Re v > 0. If / G Hp" define (A (v)f( g)) =

ÍñA gñ) dñ, where g E G and N is the analytic subgroup of G corresponding to

« = 0(n). Denote by Jiy the only irreducible quotient of (7r{„, HF") as by Theorem

6.5. Then if Zè „ = ker A(v) we have /*•' = Hp"z  . /*•" is the Langlands quotient.

Due to Langlands' classification of irreducible quasisimple representation [12]

and [11] the following result is evident:

Theorem 17.3. If iri „ has a regular infinitesimal character, then the only irreducible

components of tt^ are either Langlands quotients or discrete series representations.

We also have

Theorem 17.4. Let v, v' G a* such that v, v' > 0. Let it be a representation of G

infinitesimally equivalent to J^'". Then if it is a subquotient of Z^.y we have v' > v

ig G M).

Proof. The theorem is an immediate consequence of the well-known result on

matrix coefficients of a principal series: let X G A+ be a simple root and Hx E a

such that X(HX) = 1, then lim,^ e'^-z\^(at)f, g> = <^l(z)/(l), g(l)> where z

G a£, Re z > 0,/, gHF* and a, = exp tHx.

Write J'J for the Langlands quotient of v¡j.

Corollary 17.5. (1) If i =£ 0,y ^ 1 fAe« there are an even number of subquotients

in {irkl} infinitesimally equivalent to J'J.

(2) y0,1 is an irreducible component only of irox.

Proof. (2) is nothing else than Theorem 17.4.

Since 70'1 is the trivial representation [9], this is consistent with 17.2.
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To prove (1) use 17.2 to get 2ej/miy (character of J'J) = 0 (J'J are infinitesimally

inequivalent).

We are now ready to prove some results for F4 and Sp(«, 1).

Lemma 17.6. G = F4. Let tt¡, 1 < i < 3, be the discrete series representation

associated to 8F (cf. Lemma 11.11). Then

(1) 7T3 is a subspace of irox,

(2) ir2 is not an irreducible component of itqx.

Proof. Let X,, X2, X3, X4 be the fundamental weights for àk, in particular X, = e,

and X4 = \(ex + e2 + e3 + e4). If m, k E Z+ and m — k E 2Z, denote by Xmk the

irreducible ^-module of highest weight (m — k)Xx/2 + kX4 = mex/2 +

k(e2 + e3 + e4)/2.

Let

-o

Y4

as in 13.9, thus X = y4, is the simple root for a and a = 2X. Since vox = 11X and

2p = 22X, thus in [9] it is shown that ttox has a composition series by H0,1 D W0 D

M0 D (0) where

M0=     2     Xm,k,    W0=     2      Xm,k,   and    W0/M0=     2     Xm¡k.
m-k>6 m+k>0 m — k<6

m + k>0

(a) M0 ^8 tt3. Since the minimal AT-type t2Sf, of 7r3 has highest weight 25,f3 = 4e„

it is immediate that Xso ^ t2Sf3 with Xs0 c M0. If we can prove that M0 does not

contain any irreducible /^-module of highest weight of the form 25/3 — A, where A

stands for a nonempty sum of positive roots for F3, then (a) will follow from [15,

Theorem 13].

A generic element of the form A is

2 k,y, = 2 *4ei+ (*i ~~2~)e2 + (k* ~k* ~ ~ir3 + r3 ~ ** ~ "fr*

where k¡ G Z+, and they are not all zero.

28*-A =(4-{k4)ex+(^k4- kx)e2

+ (3^4 + kx - A:2)e3 + (^A:4 + k2 - k3)e4.

Assume that there exist m, k E Z+ such that Xmk c MQ and Xmk is equivalent to

the Af-type of highest weight 25,f3 — A. Then we would have:

m = 8 — k4,    k = k4— 2kx,   kx + k3 = 2k2,    k3 = 3/c,.

But m — k > 6 forces k4 — kx < 1. Since k E Z+ we also have k4 > 2kx. Thus

2A, < k4 < kx + 1.

This last inequality is satisfied only if kx = 0 and hence k2 = k3 = k4 = 0.

Therefore M0 does not contain any irreducible Ä^-module of highest weight of the

form 25,f3 — A and (a) follows.

,0.1 > o-
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(b) W0/ M0 is not infinitesimally equivalent to a discrete series.

If  W0/M0 is a discrete series, it could only be 7r2 [cf. Lemma  15.9]. Now

25,f2 = 3e, + e2 + e3 + e4. Hence:

W X^,2 — T26/2'

(ii) X7X is equivalent to the ÄT-module of highest weight 25,f2 +

i(ei — e2 _ e3 _ e4)- Since — |(e, — e2 - e3 - e4) is positive for F2, the result

follows again by [15, Theorem 1.3].

Proposition 17.7. G = F4. Let r^ be the irreducible K-module of highest weight

ju = 2e, + 2e2 + 2e3 + 2e4, then t^ is a K-type of tt2.

Proof. To prove that t^ is a Ä-type of tt2, we use Blattner's multiplicity formula

[6]. Recall that

I : O-n — > o-o

ai a2 K3+a4 _a4

and

28f2 = 3e, + e2 + e3 + e4,        8k = j(7e, + 5e2 + 3e3 + e4).

If F is the usual partition function relative to the positive noncompact roots for F2,

then Blattner's multiplicity formula says

m2SF2(p)=    2   P(»(p + 8k)-28^-8k).
wewk

Write P(w) = P(w( ii + 8k) - 28^ - 8k). Now if w E Wk, thus

w[ 2  atef) = 2 (- O^Vo-o)   with «V = 0,l(i = l,..., 4),
\i=i       /      i=i

and ow a permutation of {!,...,«}. We write w = vw.ow. A sum of positive

noncompact roots is of the form: 2?_,2-(x,e,) where

Ai == /Ci "T" Kj * /ti i Ka i /Ce \    K.* T    rCg *^7?

X-j ~~ /Ci t ft-4 i" ^s ""^ 7 "^ 8 2 3 Ä'

-A-> ̂ = K\ "T" /Ct < »^5 ' *Cg ' /Ci 'S 4 8'

-X^ ^ /Ci "T" /Ct ' »^3 ' Ka i /C-T /C* /Cg *^8>

with &,. G Z+, / = 1, . . . , 8.

28n2 +  8k  =2(13el   + 7e2 + 5e3 + 3e4}> P+  Sk =2{llel + 9e2 + 7e3 + 5e4}-

Thus

w(M + 5,) - 28* - 5, = (-irr^e#.(l) + (-l)*!vw + (-I^iVct

+  (_ ')  * S^W  _ T£l   _ 2£2  _ 2£3  _ 2£4-
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Suppose that aw = /, thus P(w) =£ 0 iff there exists kj E Z+ such that

(-l)"rll - 13 = xx, (-1)^11 - 13 = xx,

(-l)c?9- 1 = x2,        .        (-l)°rll + (-1V*9- 20= x, + x2,
i.e.

(-1)<7 - 5 = x3, (-l)*rll + (-1)"3"7 - 18 = xx + x3,

i-l)":5 -3 = x4, (-l)°rll + (-l)"4^- 16 = xx + x4.

Since xx + x, > 0, i = 2, 3, 4, the last three equations force v™ = 0, i = 1, 2, 3, 4,

and /e, = k2 = k3 = k4 = k5 = k6 = ks = 0. Substituting these values in the first

equation we get k7 = 2. Thus we have proved that

2   p{w) = \.
w£rVk

w=cw<

Suppose that ow ¥= I, then we will prove that <x(4) = 4.

(a) If ow(4) = 1 then (*) (- \f*5 - 13 = xx.

On the other hand we would have aw(\) = 4 or aw(2) = 4 or aw(3) = 4. If

o^l) = 4 then o"(3) = 2 or 3. If aw(3) = 2 then (-l)u?7 - 7 = x2 and this

equation summed with (*) gives a contradiction, since xx + x2 > 0. If a^) = 3

then (— 1)03*7 — 5 = x3 and this again is impossible (xx + x3 > 0). Thus o^l) ¥= 4.

If aw(2) = 4 (aw(3) = 4) again we get a contradiction (x, + x4 > 0) summing

the equation aw(2) = 4 (aw(3) = 4) with (*). Therefore aw(4) # 1.

(b) If aw(4) = 2 then a"(l) = 1 or ow(2) = 1 or aw(3) = 1. In all cases we get a

contradiction (x, + x2 > 0) summing the equation in question with aw(4) = 2.

Thus aw(4)¥= 2.

The same kind of argument proves that aw(4) =£ 3. If ow(4) = 4 then ow(2) =£ 1

and aw(3) ¥= 1, as is easily seen. Thus we have proved that if aw ¥= I then

aw(4) = 4,ow(\)= 1 and aw(2) = 3, ow(3) = 2. In particular

(-l)c,"ll - 13= x„        (-l)c"7-7 = x2,

which is impossible. Hence

2      P(w) = 0
weWk

w — vwow

aw¥-I

and we can conclude that m2SF2(ii) = 1.

Corollary 17.8. 7r2 is an irreducible component of ir26, ttx 6 and ttx 7 and it is not

an irreducible component of any other principal series.

Proof. Combining Theorem 12.5 and Lemmas 15.9 and 17.6 we have that tt2

could be an irrreducible component only of the following principal series:

'''cu. "'0,3. "0,4. "b,s> niA> ""ls» ""1,6. ""1,7 and irX6. (1)

Let us consider the AMype tm of the previous proposition and compute its

M-types. Let ax = a2 = a3 = a4 = 4.

We give a list of the possibilities for the q¡% and the corresponding ^,"s satisfying

(i)-(iv) as in the proof of Theorem 12.5.
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Il       12       ?3   ?4

2  2  2  2

Il       a2       ?3   a4

2  2  2  2
5333

2  2  2   1    2222

2  2  2   0    3  111
222-1   Zlil

2222

4  0  0  0
2  2  2-2

Let bx, b2, b3 satisfy (i)-(iv) as in Theorem 12.5, then (bx, b2, b3) is one of the

following triple:

(2,2,2),    (f,f,f),    (f.f.f),    (3,1,1),    (2,1,1),
(1 in   i1 '- 'A   í1 ± ±)   il - XA   (- - k)V1*   »>   l)i      \2'   2'   2)'      V2>   2'   2)'      V2»   2'   2/'       V2>   2'   2/'

(4,0,0),    (3,0,0),   (2,0,0),    (1,0,0),   (0,0,0).

Thus by Theorem 10.9, the M-types of t^ are of the form Ty ° <f>, where y =

2j_, b¡e¡, with (A,, A2, A3) in the above list. They all have multiplicity one. t is a

A'-type, with multiplicity one, of the following principal series.

7r0,l"'0,2'ï'l,4,rl,6'rl,7'72>4'7"2,6 (2)

(use the Frobenius reciprocity theorem and the list of the Ay's given in the proof of

Lemma 15.9).

(a) t is a A-type of J0,2 and 70'2 is an irreducible component of w0,. J0,2 is by

definition in 7r02 and Theorem 17.4 says that the only other place where J0,2 may

appear is in w0,. But J0,2 appears in ir02 only once by [16] (it can also be proved

directly), then Corollary 17.5 says that J0'2 is in 7r01. Referring to the proof of

Lemma 17.3, since Ff0'1/ W0 = 70'1, and M0 s* 773, then

J°'2^W0/M0=    2    xm¿.
m-k<6
m + k>0

Now tm = ^44 c W0/M0, so (a) is true.

(b) 7^ is a A'-type of J2,4 and J2,4 is an irreducible component of w, 4. We know

by Lemma 15.9 that there are no discrete series in the composition series of tt24.

Since tm is a A'-type of 7r24 then t^ is a A"-type of an irreducible component of

ir2A, which is necessarily a Langlands quotient. On the other hand t^ is a A'-type of

7T2 and 7T2 appears in 7726 and 77,7 (a = ê, is simple for F1,7 and F2'5 so apply 16.6),

thus tm is not a A'-type of J2'6 and J1,? (the multiplicity of tm is always one). Thus if

tm is not a A'-type of J2'4 we are forced to conclude that the irreducible component

of ir24 of which tm is a A'-type is J1,6. But it is easily seen to be false using the

A'-type of highest weight y = 3e, + e2 + e3 which is a AT-type of / '-6 and not of

7724. Therefore tm is a A'-type of J2'4 and (b) follows from (a) together with

Corollary 17.5.

Using (1) and (2) we know that 7r2 can appear only in 7r02, 7t,4, 77,6,77,7, w26. But

(a) and (b) say that 772 cannot be in 7r02 and 77,4. The result is now a consequence of

Lemma 16.6 and Corollary 9.3.
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Theorem 17.9. A discrete series representation is realized in a nonunitary principal

series with multiplicity at most one.

Proof. In view of the result of §8, we only need to prove the theorem for discrete

series representation with trivial infinitesimal character. With this in mind for

Spin(2«, 1), SU(«, 1) and Sp(«, 1) the result is a consequence of the fact that the

A/-types of the minimal A'-type all have multiplicity one. For F4, the only discrete

series which could occur twice is tt2 in 7r0 2 as we noted at the end of the proof of

Lemma 15.9. But now Corollary 17.8 applies to give the result.

Proposition 17.10. G = Sp(«, 1). The discrete series tt„_x is an irreducible compo-

nent of 77n_,n+1, TTn_2n+2,irn_2n + x and it is not an irreducible component of any

other principal series.

Proof. We prove that there exists a A'-type of 77„_, which is not a A'-type of

H"-2"-1, Hn~Xn, H"'3n~\ H"~3n (these principal series are the only ones where

77„_, could occur, besides the ones in the statement).

Let n = 2"„, 2e, + 4e„+1, and consider the irreducible A"-module t with highest

weight [i. The choice of such /x is the obvious one, considering the form of the

A/-types that determine the above principal series. To prove that Tß is a A'-type of

7r„_„ we use Blattner's multiplicity formula (cf. [6]). Recall that

C : o   . . .   o-o-o < o
n-1

a,        a    „ e     -e    , e    ,-e 2e
1 n-2 n-1     n+1 n+1     n n

and

25„c-' =  2   2«, + 2en+x,       8k - 2 (« -J + 0«, + W
7=1 7=1

If F is the usual partition function relative to the positive noncompact roots for

C„_x, then Blattner's multiplicity formula says

m2ScUp) =    2   P("(P + «*) - 25„c-' - 8k)       (Wk = W(Ak)).
w<EWk

Write P(w) = P(w(n + 8k) - 25„c-' - 8k). Now

Ak:   °   • ■ ■    »   <= «     »
«1 «»-1        2e„ «n+l

and if w E Wk, thus:

À"s <w) = 2 (-i)2fv<o + (-i)£'a+i.

with v™ = 0, 1 (1 < / < « + 1) and aw a permutation of the set {1, . . . , «}. We

write w = vw ■ a". The positive noncompact roots for C„_, are

«i ± «n + i. «2 ± e„+i. • • • . e„-i ± e„+i, «n+i ± e„.
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Thus a sum of positive noncompact roots will be of the form

n-1 2n-l

2   kj(Ej, - e„+1) + k„(en + x - e„) +    2     kfa, + en+x) + k2„(en + x + e„)
7=1 7=n+l

n— 1

= 2 (ky + k„+j)ej + (k2n - k„)en + (k„ + • • ■ + k2„ - kx - ■ ■ ■ -k„_x)e„+x,
7=1

with kj E Z+ for 1 < y < 2«.

n-1

25„c-< + 5, = 2 (« -j + 3)e7 + e„ + 3en+x,

P + ôk = 2 (« -7 + 3)e, + 5e„ + 1.
7=1

Thus

w(M + 5,) - 2S„C- - 8k - 2 (-1)^» -7 + 3)e„.a)
7=1

+ (-1)*' • 5e„ + , - 2 (« -7 + 3)£, - e„ - 3e„+1.
7=1

Suppose that aw = I, thus F(w) 7^= 0 iff there exists /c, G Z+ such that

(- iy"(n - y + 3) - (« - j + 3) = A:, + *„+,       (K y < « - 1),

(-ir-3-i = /:2n-/cn,

(-o*- • 5 - 3 - kn + ■ ■ - +k2n -kx-k„_x.

Since kj > 0, the first « - 1 equations force vj" = 0 and kj = kj+n = 0 for y" =

1, . . . , « — 1. Substituting these values in the last two equations we have

(-\f- 3 - 1 - k2„ - kn,       (-1)*' • 5 - 3 = *„ + ¿2„.

Again, since /c„, k2n > 0 we have ü„w+ , = 0 and hence

(-\)<-3-\ = k2n-kn,       2 = kn + k2n,

i.e.

(-1)^3-1 = 2-2*,,,       2 = kn + k2n.

If unw = 0, thus Â:„ = 0 and k2n = 2. If u* - 1, thus kn = 3 and k2n = - 1 which

contradicts the positivity of Ac2„. Thus we have proved that

2   p(w)-i.
wewk

Suppose now that aw ¥= I. Thus there exist j E {1, . . . , «} so that a(j) = / for

some / <y. If the partition function for such w were different from zero, thus the

following equation would be satisfied for some k¡, k¡+n G Z+:

(- \y"(n -j + 3) -(«-/ + 3) -K+ kl+n,
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and this is clearly impossible. Thus

2     P(w) = o
wewk

w — vwow
ow¥*I

and we can conclude that m2Sc„_,(p) — 1.

To find the Af-types of t , we use the computations of Lemma 12.4(4) to see that

A,, b2, . . . ,bn could be

(i) (0, 2, ..., 2, 0),

(ii) (1,2,..., 2, 1),

(iii) (2, 2, ... , 2, 2).
Since an+, = 4, by (i) get A0 = 2, by (ii) get A0 = f, f, and by (iii) get A0 = 3, 2, 1.

Hence the M-types of t^ are:

n-1

3(«i + e„ + i) + 2   2ey + 2e„,
7 = 2

n-1

2(ei + e„ + i) + 2   2e,. + 2e„,
7 = 2

n-1

(ei + <Wi) + 2   2e,. + 2e„,
7 = 2

5 n-1

ö(£i + en+i) +  2   2e,- + e„,
1 7 = 2

t n—1

^■(«i + <Wi) + 2  2e, + e„,
Z 7 = 2

2(£, + *„ + ,) +  2   2e,.
7=2

Writing these Af-types in terms of the e,'s, we have

n + 1

3(e, - è2) +  2   2ey,
7 = 3

n + 1

2(e, - e*2) +  2   2e},
7 = 3

(ê, - ê2) +  2   2e,,
7 = 3

5 "-(ë, - ë2) + 2  2é} + ë„+„
z 7=3

3 "
-(e, - ë2) + 2  2ë,. + ë„ + „
z 7 = 3

n

2(ë, - ê2) + 2  2é}.
7 = 3
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Comparing these formulas with the ones giving the Av's, we have the assertion at

the beginning of the proof. The p'J + n,s with / + j + « = 2« are the ones for which

the real root a is simple. Thus the result follows combining Corollaries 9.3 and

16.4.

From now on we consider G = Sp(«, 1). Let £ G M be the irreducible represen-

tation of highest weight A{ = A0(ë, — ë2) + 2"I3A,ëy and j. G a*. We need the

following result of [8, Theorem 3(1), p. 24].

Theorem 17.11. Let the representation iriv be such that A0 = 0 and

\(2(v, a)/(a, a) + 1) G Z. Define tj = A-+2 + n — j + 1 for j = 2, . . . , n and set

v = 2(v, a)/(a, a). FAe« if (v + l)/2 > t2 + 1 or ti_x > (v + l)/2 > /,. + 1, / =

3, . . . , «, the principal series has two invariant closed subspaces different from zero

and from Hi,v.

We now want to prove that the discrete series 77„ of Sp(«, 1) is an irreducible

component of 77„_2n_,. We show, using opportune A"-types, that the only Lang-

lands quotient which may appear in the composition series of irn_2n_x, besides

/""2,"_l, is 7"~2'". (The A-types we consider are usually "lowest" in the sense of

[16].) This fact together with Theorem 17.11 will give us the result.

The same fact in the case of Sp(2, 1) follows directly by [9] where the composi-

tion series for the spherical principal series w0, is described. For the notation we

refer to everything set up to now.

Lemma 17.12. Let t , 0 < i < n — 1, denote the irreducible K-module of highest

weight [x¡, where ¡u, is defined in the following way:

Pi - 2   2e,. + e,+ 1 + 2^« - i - - jen+1, 0 < i < « - 3,

n-1

Mn-2 =  2   2e, + 4en+x,
7=1

n + 1

M„-i =  2   2tr
7=1

Then t   is a K-type ofJ''2n~' and of the following principal series:

"i,2»-/-l. w,,2n-i> «i-Uii-i-P m¡-l.2n-¡, '   < í   < «  ~   1,

and for i = 0,

""0,2n-l. ""(tfn-

Tft always has multiplicity one.

Proof. We compute the M-types of t„. We first consider the case 0 </</» — 3.

Then /i¡ = 27»foe, with ax = • • • = a, = 2, ai+x = 1, ai + 2 = • • • = an = 0 and

an+i = 2(n - i - \).

We need to find all the «-tuples in Z", b = (A,, . . . , A„), satisfying (i)-(v) as in

the proof of 12.4.
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Let A be an «-tuple of integers satisfying (i)-(iii). Then A2 = • • • = A,_, = 2,

1 < A, < 2, A,+1 < 2, A,+2 < 1 and A,+3 = • • • = b„ = 0 (if i = 0, A2 < 1, A3

= • •■ = A„ = 0 and if /' = 1, A2 < 2, A3 < 1, A4 = • • • = bn = 0).

Also Ax = • • • = v4,._, = 0, Ai, - A, - max(l, bi+x), Ai+X = min(l, A, + 1) - A,+2,

Ai+2 = • • • = An = 0 (if ; = 0, Ax = 1 - A2, A2 = ■ ■ ■ = An = 0, and if i = 1,

Ax = 2 - max(l, A2), /42 = min(l, A2) - A3, A3 = ■ ■ ■ = An = 0). 2(a, + A,) 2Z

forces A, + A, + A, + , + A,+2 odd (A, + A2 odd, if i = 0, A, + A2 + A3 odd, if

i = 1).
In the following table we give on the left a list of the possible «-tuples of integers

satisfying (i)-(iv). For simplicity we only indicate the values of A,, A,, A, + 1, A,+2. A,

depends on a parameter k E Z, thus on the right we compute for which k the

«-tuple we are considering satisfies (v). We also give the value of A¡, Ai+X, and the

multiplicity

«ft(M)"        2       (-O
LC{1, . .. ,n}

\L\ 2-|L|+i(-A, + ÍU
Í6Z.

« -2

("-,?/*)

and the value of A0 = (an+x + A, - 2y')/2, for y = 0, . . . , min(a„+1, A,).

0 < i < n - 3     2k 2

0 < i < « - 3     2* + 1     2

1 < i < n - 3 2^+1 2 1

I < f < n - 3 2*. 2 1

1 < / < h - 3 2it+l 2 0

2</<»-3 2* 1 1

2 < i < n - 3 2* + 1 1 1

2 < i < n - 3 2k 1 0

A¡ A,

0 0

0 1

1 0

1 1

1 0

0 0

0 1

0 0

0

1

1

0,2

1

0

1

0

2       '        2

a» + i + !     a» + r-l

V

¿, =2:
a»+i + 2    "n+i - 2    a»+i

+ 1    a. 1

2        '        2

2

"n+i + '    "n+i - 1

2       '        2
aB+i

2

The computation is immediate but in the case of the «-tuple bk = (A,,

where A, = 2k, b2 = • • • = A,_, = 2, A, = 2, A, + , = 1, A,+2 = 0, A,+3 = •

= 0. We need to find for which k, rh^( ¡ibk) ¥= 0.

"VrO

I

= A„

K(pbk)=     2     (-O
¿C{I,...,»)

« -2- |L| +^(-2k+2) - 2   ^7
j<EL

« -2

=     2     (-D|L|("
¿C{l,...,n) V:{l,...,n}

¡,¡+l?¿

- 2 - |L| - A:

« -2

+ ')-
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If k = 0 then

- t     \ v        i    i\l¿l/ « — 2 - |L| + 1 \
\(Po)=       2      (-i)1 '

£C{1.») V « - 2 /

i,í+lí£

-(IzD-i'-^t-D-'-
If k = 1 then m (/u^) = 1. If /c = 2 then /ñ (/j^) = 0. Since a„+, > 2, the values of

A0 are the ones indicated. Thus the M-types of t , 0 < / < n — 3, have highest

weight relative to the ë,'s given by

0 </<«- 3, yj = Í n - / - - J(ë, - ë2) + 2   2êj + 2ë, + , + 2ë/+2 + ë/+3

with w = wift(y¡) = 1,

i

0 < i < n - 3, Y2 = (" - 'X«i - ë2) + 2   2ëy + 2ë, + , + 2ëi+2
7-3

with m = L

i
0 < / < « - 3, Ï3 - (n - i - l)(ë, - ë2) + 2  2ëy + 2ëi+1 + 2e,.+2

7 = 3

with »i = l,
i

1 < i < n - 3, y¿ = (« - 0(ë, - ë2) + 2   2e, + 2ë, + , + ë,.+2 + ë,+3
7 = 3

with m = 1,

i

1 < i < « - 3, y5' = (« - i - l)(et - ê2) + 2   2e, + 2ë, + , + ë,+2 + ë,+3
7 = 3

with m = l,

76 = (" - ' - 2 K*i ~ ^) + 2  2ëy. + 2ëHl < i < n - 3, ïé = I " - ' - o )(«i - «*) + 2à  2e) + 2ëi+, + et+2

with w = 2,

1 < i < n - 3, Y? " l» - » + 2")(*i - «2) + 2  2«, + 2è,+i + £,+2

with m = 1,

1 < i < n - 3, yl = (« - 1 - -)(ë, - ë2) + 2  2ëj + 2ë,+, + ë,+2

with m = 1,

1

1 < / < « - 3, Y9 = (" - 0(e"i - «2) + 2  2ë, + 2ë, + , with m = 1,
7 = 3

l < i < n - 3, yin = («-/- l)(ë, - ë2) + 2  2ëy + 2ë,+l       with m - 1,
7-3
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2 </<«- 3, y¡, - I» - i - -J(ë, - ë2) + 2   2e} + ë, + , + ë,+2 + ë, + 3

with »7=1,

i

2 < i < « - 3, y[2 = (« - í)(e", - ë2) + 2  2é} + ë, + l + ë/+2     with m - 1,
7 = 3

/

2 </'<»- 3, y¡3 = («-/- l)(ë, - ë2) + 2  2ë7- + ë, + , + ë,+2
7 = 3

with »i=l,

2 </<«- 3, y[4 = \n - i - - J(ë, - ë2) + 2   2é} + ë, + ,      with w = i.

To prove the second assertion of the lemma by the Frobenius reciprocity theorem,

we have just to check which of the M-types we just found is equal to the M-types

described by the A,,-'s or the A,- -+n's. The computation is straightforward and we

omit it (see f.i. Lemma 15.8).

(a) t^ is not a A'-type of (ir¡, H'F).

Indeed ju, = 25„c' - (en+1 - e, + 1) with en+x — e, + , simple for C¡. Hence (a) follows

by [15].

(b) rw is not a A'-type of (77,+ „ HF+l).

Indeed ju, = 25„c'+l - (e, + , - e„ + 1) with e,+ 1 - e„+1 simple for C, + 1. Again (b)

follows by [15].

By Lemma 15.8 and Corollary 16.4 we know that tt¡, iri+x are subspaces of 77,2n_,.

and that they are the only discrete series which are irreducible components of

77,2n_,. Thus by Theorem 17.4 we have that the composition series of 77,2n_, is given

by H'/"-' D HF® HF+} d HFD (0).

Using (a) and (b) we may conclude that t  is a A'-type of J',2n~' as asserted.

The proofs for r      and t      are very similar and we omit them.

Lemma 17.13. Let rß, 0 < i < « — 1, denote the irreducible K-module of highest

weight /8„ where ßt is defined in the following way:

1

A = 2 2  «, + e,+ . + e,-+2 + 2(« - i - l)en + x,       0 < i < « - 2,
7=1

n-1

An-, =2 2   *
7=1

Then rß is a K-type of J''2n~'~l and of the following principal series:

1   <  i   <  «   - 4, ?7„2„_,_2, 77,,2n_,_1, 77,_,2„_,_2, 7T,._12n_,._,,

'   = °> 7r0,2n-2. "o,2n-l>

i =  n  - 2, TTn-2,n' mn-2,n+V ^n-i.n-l' ^-3,«» ^n-í.n + V v„-4,n-V ^n-4,n'

I   =   »   -  3, 77„_3„+„ 77n_3n + 2, 77n_4„_„ 77„_4„, 77n_4„+„ 77„_4„ + 2,

"ll-5,l»-l» ^n-S.n'

I   =  n   —   1, 77_ _ i „, 77„ _ -, „, 77«     -, _     t, 7T.     i .. _ i.n—i,n'     n — ¿,n'     n — i.n—z>     n — j,n—1
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Proof. The Af-types of rß, 0 </'<«- 2, have highest weight relative to the ë,'s

given by

0 </<«- 3,     y¡ = («-/ - l)(ë, - ë2)

I

+ 2   2ë,. + 2ëi+1 + ë,+2 + ë/+3 + ë,+4 with »1=1,
7 = 3

0 < i < n - 2,     y2 = in - 1 - |)(ë, - ë2) + 2  2ë,. + 2ë, + , + 2ë,.

0 < i < n - 2,     yl-ln-i- -j(ë, - ë2) + 2  2ë,. + 2ë, + 1 -I- 2ë,+2 + ë,+3

with m=l,

with «1=1,

-20 < i < n - 2,     y¡ - (n - i - l)(ë, - ë2) + 2  2é} + 2ë,+, + 2ë,+2
7 = 3

with »i=l,

1 </<«- 3,      y>5 = (n - i - 2 j(ê, - ë2)

+ 2   2ë7- + 2ë, + , + ë, + 2 + ë, + 3 + ë,+4 with »i=l,
7 = 3

1 </<«- 3,     y¿ = í « - i - - j(ë, - ë2)

+ 2   2êj + 2ë,+ 1 + ë/ + 2 + ë, + 3 + ë,+4 with »i=l,
7 = 3

1 <;<«- 2,     y7 = («-/ - l)(ë, - ë2) + 2   2é} + 2ë, + , + ë,+2 + ë/+3
7 = 3

with »i = 2,

1 < / < « - 2,     y¿ = (« - 0(ë| - «2) + 2  2ëj + 2ë,+ , + ëi+2 + ë, + 3
7 = 3

with «i=l,
1

1 < i < n - 2,     Y9 -(«-'" - 2)(ë, - ê2) + 2  2è} + 2ëi+1 + ë,+2 + ë,+3
7 = 3

with »i=l,

1 < i < « - 2,     y¡0 - in - i - -j(ë, - ë2) + 2   2êj + 2ë, + , + ë,+2

with »i = l,
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1 < I < n - 2,     y[x = \n - i - -j(ë, - ë2) + 2  2ëy. + 2ë, + 1 + ë,+2

with »i=l,
i

2 < ¡ < « - 3,    y'2 = («-/- l)(ë, - ë2) + 2  2ëj + ë,+, + ë,+2 + ë, + 3 + ë,+4
7 = 3

with »i = l,

2 < i < n - 2,     y¡3 = («-,- -)(ë, - ë2) + ¿   2ëy. + ë, + 1 + ë,+2 + ë,+3

with w=l,

2 < « < « - 2,     y'4 = («-/- -j(ë, - ë2) + 2  2e- + ë, + , + ë,+2 + ë,+3

with m = l,

2 < i < n — 2,     y¡5 = («-/— l)(ë, — ê2) + 2   2z} + ë,+ , + ëi+2    with m = l.
7 = 3

The computation is very similar to the one of the previous lemma, hence we omit

it. To prove the second assertion of the lemma by the Frobenius reciprocity

theorem, we have just to check which of the A/-types in the previous list is equal to

the M-types described by the A¡js or the Aij+n,s. Again we omit the computation.

Hence rß is a A'-type of the described principal series. The only irreducible

components of 7T/2„_,_,, 0 < i < « — 2, are 77,+ 1, y1'2"-'-1 and eventually a Lang-

lands quotient of the form jk-2"-k for some 0 < k < n — 1 (cf. Theorem 17.4).

Hence rß must be a A'-type of J',2n~'~\ otherwise it would be either a A'-type of

77,+ , or possibly of jk-2n'k for some k (this is impossible because then tä would be

a A'-type of tt,+ X2n_¡_, or of irky2„^k).

The proof for rß     is very similar and we omit it.

Lemma 17.14. Let ry, 0 < i < n — 3, be the irreducible K-module of highest weight

y¡, where y, is defined in the following way :

y,. = 2   2e,. + e, + , + ei+2 + e, + 3 + 2^« - i - ^j^+i-

Then ry is a K-type ofJ''2"~'~2 and of the following principal series:

1   </'<«- 4, W,,2n-,-3> ,"',,2n-i-2' "V-l,2n-,-3' Wi- l,2n - i-2'

= 0, 'n0,2n-3-> ""0,2n-2'

=  n  - 3, 'ïïn-3,n''ïïn-3,n+v'ïïn-4,n-l''nn-4,n>'ïïn-4,n+\>'nn-5,n-\>'nn-5,n'

=  n  - 4, Tn-4,n+V "nn-4,n + 2' ^n-S.n-V ^-5,^ Wn-5,n+l' wn-5,n + 2>

'''n-é.n-l' '"'n-e.n-

Ty always has multiplicity one, but ry     has multiplicity two in 77„_4„.

Proof. We omit the proof because it involves the same computational details of

the two previous lemmas. We only give a list of the M-types for the convenience of

the reader.
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The M-types of t , 0 < / < « — 3, have highest weight:

0</<«-4,     ß[ - („ - i - IJí«, - fj)

+ 2 2ë, + 2ë,+ 1 + 2ë,+2 + ë,+3 + ë,+4 + ë,+5,
3

0 <(<«- 3,      ßL**(n- i- l)(è, - ê2)

i
+ 2 2ë,. + 2ë, + , + 2è,+2 + ë,+3 + ë,+4,

3

0 < i < n - 3,     ß3 = (« - i - 2)(ë, - ë2)

+ 2 2ë,. + 2ë, + 1 + 2ë/+2 + ë,+3 + ë,+4,
3

0 < i < n - 3,      ß4,= [n - i - 2 J(ê, - ë2) + 2 2ë,. + 2ë, + , + 2ë,+2 + ë,+3

1 < i < n - 4,      ßs = (« - i - l)(ë, - ë2)

i

+ 2 2ë,. + 2ë,+ 1 + ë,+2 + ëi+3 + ë/+4 + ë, + 5,
3

1 </<«- 4,      ßi = (n- i- 2)(ë, - ë2)

t
+ 2 2ë,. + 2ë,+ , + ë,+2 + ë,+3 + ë,+4 + ë, + 5,

3

1 </<«- 3,       £<./„-./- |Vc, - ë2)

i

+ 2 2ë,. + 2ë,+ 1 + ë,+2 + ë/+3 + ëi+4,
3

l</<«-3,     ßi = (n- i-j)(£i ~ê2)

+ 2 2ëi + 2ë/+, + ë/+2 + ë, + 3 + ë/+4,
3

1 < i < n - 3,      fë = (« - / - |)(ë, - ë2)

i
+ 2 2ë,. + 2ë,+ , + ë,+2 + ë,+3 + ë,+4,

3

1 </<«- 3,     ß'xo = («-/- l)(ê, - ë2) + 2 2ê,. + 2ë,+ 1 + ë,+2 + ë,+3,
3

1

1 </<«- 3,     ß[x = («-/- 2)(ë, - ë2) + 2 2ë,. + 2ëi+, + ë/+2 + ëi+3,
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2 < i < n - 4,    ß[2 = («-/- -)(ë, - ë2)

i

+ 2 2ë, + ë,+ , + ë, + 2 + ë, + 3 + è,+4 + ë, + 5,
3

i

2 < i « « - 3,     ß[3 = («-/- l)(ë, - ë2) + 2 2ë, + îi+x + èi+2 + ëi+3 + ii+4,
3

1

2 </<«- 3,     ß[4 = («-/- 2)(ë, - ë2) + 2 2ë,- + ë,+ , + ë,+2 + ë/+3 + é"/+4,
3

2 </<«- 3,     ß[5 = (n - i - -j(ë, - ë2) + 2 2ë,. + ë, + , + ë,+2 + ë,+3.

They all have multiplicity one, but ß7 has multiplicity 2. Once the second assertion

of the lemma is proved, since there are no discrete series in 77,2n_,_2, 0 < /' < « —

3, then ry must be a A'-type of 7',2"~' by Theorem 17.4.

Lemma 17.15. Let ra denote the irreducible K-module of highest weight 2"~f 2e, +

e„_, + e„.   Then ra  is a K-type of J"~2,n and of the following principal series:

"•n-2,n-l. K-%n> Wn-3,n-l. Wn-3.n- Ta alwayS haS multiplicity One.

Proof. The Af-types of ra have highest weights:

y n-2

«i - x(e, - ë2) + 2   2ë, + 2ë„_, + 2ë„ + ën+„
z 7=3

n-2

«2=2   2ë7. + 2ë„_, + 2ë„,
7 = 3

n-2

«3 =  2   2é} + 2ën_, + ë„ + ën+x,
7 = 3

n-2

«4 = (êi - h) + 2   2é) + 2ë„_, + i„ + ën + „
7 = 3

j n-2

«s = ,(«i - «2) +  2   2êj + 2ë„_, + ë„,
Z 7 = 3

j n-2

«6 = T(êi - ê2) + 2   2ëj + ë„_x + ë„ + ë„ + x,
Z 7 = 3

n-2

«7=2    2tj + ë„_,  + ë„.
7 = 3

Once the second assertion of the lemma is proved, since there are no discrete

series in 77n_2n, then ra is a A'-type of 7"'"_2 by Theorem 17.4.

Theorem 17.16. (1) 77„_2n_,  has a composition series of length three; the irreduc-

ible components are: Jn~2,n~l,Jn~1* and the discrete series irn.

(2) 77„ is an irreducible component ofirn_2n.
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Proof. The parameters which describe the principal series 77„_2n_, are

n+1

A„-2,n-i,- = ¿>o(«i - «2) +  2   bjBf
7=3

with A0 = 0, bj = 2, for 3 < y < « and bn+, = 0,

and

v = vn_2n_x    with 2(v, a)/ (a, a) = 5.

Thus \(2(i>, a)/(a, a) + 1) = 3.

Let tj be as in Theorem 17.11, then t}, = « - j + 3, 2 < j < « — 1; tn = 1 and

4 = /„_, > |(2(i>, a)/(a, a) + 1) > t„ + 1 = 2.

Hence by Theorem 17.11, we can conclude that the composition series of

"■„-2,n-i has length > three.

On the other hand we know that the only irreducible components of irn_2n_x,

could be, besides y"-2"-1, the discrete series 77„ (cf. Lemma 15.8) or the Langlands

quotient J""2'" (combine Lemmas 17.12, 17.13, 17.14, 17.15 and Theorem 17.4).

Therefore (1) is proved.

7Tn may be an irreducible component of 77n_3>„_,, ""n-2,n an£l "n-i.n+i (Lemma

15.8). Since 77,, is in irn_Xn+x (Lemma 16.6) then (2) is a consequence of (1) and of

Corollary 9.3.

18. Tables. We maintain the notation of §§10-17.

Let Q be positive for A and containing Ak. The following tables will give

realizations of the discrete series 77Ä in the principal series for which the a

parameter is real and in the positive Weyl chamber for a. As we saw in the

discussion of 11.1, this is enough for our purpose.

Because of the minimal A'-type Theorem 5.1 and Lemma 7.1, the parameters of

the principal series where 77fi may appear are the ones computed in §15.

We use the following symbols:

the discrete series appears as a subspace,

9     the discrete series appears, and it is not a quotient.

If none of the symbols appear, then no discrete series occurs.

TABLE I. Spin(2«, 1), « > 2

Let 77,, 772 be the discrete series representations associated with 8B, 8B (cf.

Lemma 11.5).

V*2

0,1 0,2 0,3 0,n-2 0,n-l 0,n
P P P P P P

The parameters of the principal series 77«       ,, (0 < y < n) associated with P0J are

.              v   .      2(y0, a)        / n

Comments. ' is because of Lemma 11.6.
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TABLE IL SU(«, 1), « > 2

Let 77, (0 < / < «), be the discrete series representation parametrized by 8A (cf.

Lemma 11.6).

n-1,1

n-1

jn-2,1 n-2,2

„n-3,2 „n-3,3

1,1

0,1 0,2

l,n-2

„0,n-l D0,n

The parameters of the principal series tta. ._      (0 </'<« — 1,  1 < j < « — /'),

associated to P'J are

A,/    =
j-i-l ,: i+l

(ëi + ê„+i)+ 2   4+       2       èk    and
k = 2 k=n+2-j

2(vi¿> »)

(a, a)
= « — j — i + 1,       a = ë,

Comments. Lemma 16.2 guarantees two realizations of 7r,, 1 < í < « — 1, as a

subspace and one for 770 and 77„. On the other hand the P'J marked with * are just

the ones for which a is simple. Thus apply Lemma 16.6. Finally Corollary 9.3 gives

the rest. (See Table III.)

The parameters of the principal series 77.      „   0 < / < / < «, (77.      ,     , 0 < i
■ ■'•'PC''-' AV|l,-^'7+«

< « - 1, 1 < j < « - /') associated with P'J (p'J + n) are



si

s
E
u

<N    Kj

HS
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Av„-

2("ij> ")

(a, a)

•J+"[„-

2{viJ+n, a)

i+j- 1 1 + 2 7+1

(ê, - ë2) + 2 2   4 +    2     4.
k = 3 k-i + 3

= 2« + 2 — i — j,

_   . . i+2 n+2-j

-—5—-(ë, - ë2) + 2 2   ê* +    2    4.
-¿ A: = 3 A: = l + 3

= « + 1 - /' - j        (a = ë, + ë2).
(a, a)

Comments. In Proposition 17.10, we prove that 77„_, is an irreducible component

°f "n-i^i+i. 7r«-2,n+2 anc* of 77„_2n + , only. Also the p'¿+n,s with / +y + « = 2«

are the ones for which the real root a is simple. All this together with the same

remarks as for SU(«, 1), explain the content of the table for all the discrete series

representations, except 77„. The result for 77„ follows from Theorem 17.16.

TABLE IV. F4

Let 77,, 1 < i < 3, be the discrete series representation associated with 8F (cf.

11.10).

„0,3

The parameters for the principal series 7rA associated with the Fv''s are in

order (F°'\ . . . , P0-5, F1'4, . . . , F1-7, P24, .?.', JP2*):

A,,(_: (0, 0, 0), (i, \, i), (1, 1, 0), (2, 1, 0), (2, 2, 0), (f, \, 2), (|, \, |),

(f, f, f), (2, 2, 2), (3, 0, 0), (3, 1,0), (3, 1, 1)

and

v,,: 11,10,9,7,5,6,4,2,1,5,3,1.

Comments. Since a = ë, is simple for F1,7 and F2,5, this explains *. Lemma 17.6

says that 773 appears in 770, and is a subspace. Hence the situation for 773 is clear by

Corollary 9.3.

For 772 the result follows by Corollary 17.8.

Let t^ be the irreducible A'-type of highest weight /x = 4e, + 4e2 + 2e3. tm is a

A'-type of 77, with multiplicity one. The proof, using Blattner's multiplicity formula

is straightforward, but deals with many different possibilities, hence we omit it. On
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the other hand using 17.2, it can be easily seen that tm is a A-type of 77, of

multiplicity greater than or equal to one. Since t is a A'-type only of the following

principal series: 7705 (m = 1), 77,5 (m = 2), 77,6 (m = 2), 77,7 (m = 1), 7725 (m = 1)

and 7726 («1 = 3), (m being the multiplicity of t in the corresponding principal

series), we are forced to conclude that 77, does not appear in 77,4 and 7704. Therefore

77, can only be an irreducible component of 77,5 and 7705 besides 7r26 (Lemma 15.9).

By Theorem 4.15, Corollary 4.18 and Proposition 4.19 of [25], the composition

series of 77,5 and 7705 "look like" those of certain principal series for Sp(2, 1). In

particular, Table III then implies that 77, does occur in both 77,5 and 7705.
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